THE CEPHEIDS OF M33: DISTANCE AND METALLICITY EFFECTS THROUGH SLOAN FILTERS by Tsang, KG-J
THE CEPHEIDS OF M33: DISTANCE AND
METALLICITY EFFECTS THROUGH SLOAN
FILTERS
Kevin Gah-Jan Tsang
A thesis submitted in partial fulfilment of the requirements of
Liverpool John Moores University
for the degree of
Doctor of Philosophy.
June 2019
Declaration
The work presented in this thesis was carried out at the Astrophysics Research Insti-
tute, Liverpool John Moores University. Unless otherwise stated, it is the original work
of the author.
While registered as a candidate for the degree of Doctor of Philosophy, for which sub-
mission is now made, the author has not been registered as a candidate for any other
award. This thesis has not been submitted in whole, or in part, for any other degree.
Kevin Gah-Jan Tsang
Astrophysics Research Institute
Liverpool John Moores University
IC2, Liverpool Science Park
146 Brownlow Hill
Liverpool
L3 5RF
UK
JUNE 18, 2019
ii
Abstract
Cepheids are a class of variable stars that undergo regular pulsations in size and bright-
ness. There exists a strong correlation between the period of pulsation and the average
intrinsic brightness of a Cepheid; this correlation is known as the period-luminosity
relation, or Leavitt Law. It is this Law that bestows Cepheids their importance as dis-
tance indicators on both interstellar and intergalactic scales, enabling accurate distance
estimates and studies into galactic structure.
Cepheids are found in many different environments and are therefore imparted with
varying levels of metallicity. The difference in Cepheid metallicities may give rise to
variations in their observable characteristics, leading to changes in the Leavitt Law.
These changes may manifest themselves as a metallicity dependence on the slope or
zero-point of the Leavitt Law which, if not accounted for, introduce uncertainties into
the resulting distance estimates.
Observational studies of Cepheids have typically used Johnson-Cousin filters. With
the advent of large-scale sky surveys using Sloan-band filters, Cepheid studies in Sloan
filters will become more prevalent. It is important that there exist baseline Leavitt Laws
against which future work can be compared.
This thesis aims to provide Leavitt Laws in Sloan filters and to quantify the effects of
metallicity on Leavitt Laws in said filters.
Sloan-band magnitudes were obtained with PSF photometry for over 1.3 million stars
in the nearby spiral galaxy M33. Over 1500 Cepheids were identified and Leavitt Laws
were empirically derived. The slopes were found to be consistent with semi-empirical
iii
determinations. By adopting the semi-empirical slopes, a mean distance modulus of
24.57 ± 0.06 mag to the system and a reddening of E(B − V ) = 0.144 ± 0.020 mag
were obtained.
Cepheids were found throughout the disk of M33 and so sample the galaxy’s metallic-
ity gradient. Cepheids were binned into galactocentric annuli and a series of Leavitt
Laws were constructed to assess the effects of metallicity on the slopes and zero-points.
For the slopes, no significant dependence on metallicity was found. For the zero-points,
a metallicity effect is seen: metal-rich Cepheids are brighter than metal-poor Cepheids
of the same pulsation period. Metallicity corrections of−0.089± 0.107 mag/dex in g′,
−0.188 ± 0.071 mag/dex in r′, and −0.250 ± 0.080 mag/dex in i′ were measured. In
Wesenheit indices, the values all cluster around −0.468 mag/dex.
These metallicity parameter values are predicated upon the adoption of a metallic-
ity gradient determined from beat Cepheids. Shallower metallicity gradients derived
from HII regions produce unreasonably large corrections, suggesting that the use of
chemical abundances derived from such tracers as a proxy for Cepheid metallicity is
unreliable.
An independent distance determination to M33 was obtained with the tip of the red
giant branch method. An average distance modulus of 24.53 ± 0.11 mag was found,
consistent with the value derived from Cepheids.
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Chapter 1
Introduction
1.1 A Brief History of Cepheids
1.1.1 Discovery
Cepheids are an important class of variable stars that regularly pulsate in brightness
and were among the first variables to be discovered. Cepheids inherit their name from
the variable star designated δ Cephei located in the constellation of Cepheus. The
variability of δ Cephei was first suspected by John Goodricke on the night of October
20th, 1784; three days later, he would write, “I am now almost convinced that δ Cephei
varies.” (Hoskin, 1979). Interestingly, δ Cephei was not the first Cepheid to be discov-
ered; that title belongs to η Aquilae, whose variability was observed a month earlier by
Edward Pigott, a mentor and collaborator of Goodricke.
In the two and a half centuries since their discovery, Cepheids have played a pivotal
role in many disparate fields of astronomy and astrophysics. From the physics of stars,
the histories and dynamics of galaxies, and to the scale of the Universe itself, Cepheids
have — and continue — to further our understanding of the most ancient of sciences.
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1.1.2 Leavitt Law
It would take more than a century before the Cepheids’ variable nature progressed
from being an interesting curiosity to being a powerful tool to determine distances on
interstellar and intergalactic scales by way of the famous period-luminosity (PL) rela-
tion, or Leavitt Law. The first hints of the potential of Cepheids were noted by Leavitt
(1908) in a study of variable stars in the Magellanic Clouds. In her paper, periods for
16 variables in the Small Magellanic Cloud (SMC) were recorded against their magni-
tudes. An intriguing correlation between the periods and magnitudes was evident and
Leavitt concisely remarked, “It is worthy of notice that...the brighter variables have the
longer periods.” However, she was reluctant to draw general conclusions as the sample
size was small.
She and her supervisor Edward Charles Pickering later expanded upon and reinforced
this relation (Leavitt and Pickering, 1912). With periods for 25 SMC Cepheids, they
explicitly showed the existence of a relation between period and luminosity. A plot of
the Cepheid magnitudes against the logarithm of their periods clearly reveals a linear
correlation between the two quantities: the brighter the Cepheid, the longer its pulsa-
tion period (see Figure 1.1). They state, “Since the variables are probably at nearly
the same distance from Earth, their periods are apparently associated with their actual
emission of light.” They also notice the similarity between the light curves of these
SMC variables with variables in the Galaxy and write, “It is to be hoped, also, that the
parallaxes of some variables of this type may be measured.”
1.1.3 First calibration
A year later, Hertzsprung (1913) took on the parallax challenge. He would determine
the parallaxes — hence, distances — of 13 Cepheid variables in the Galaxy, and arrive
at the following Leavitt Law,
< MV >= −2.1 logP − 0.6
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Figure 1.1: Leavitt’s plots of Cepheid maximum and minimum magnitudes against their pul-
sation periods. Left shows period linearly, right shows period logarithmically. Figure from
Leavitt and Pickering (1912).
where < MV > is the mean absolute V-band magnitude and P is the period measured
in days. With his PL relation and Leavitt’s results, he would have derived a distance of
30000 light years (∼ 9200 pc) to the SMC. Unfortunately — possibly due to a misprint
or miscalculation — a value of 3000 light years (∼ 920 pc) was presented in his paper
instead (Gautschy, 2003). Regardless, Hertzsprung had pioneered the use of Cepheids
to determine astronomical distances and, in fact, the use of the term “Cepheid” (Fernie,
1969). Had Hertzsprung decided differently, these pulsating variables could potentially
have been dubbed “Aquilids” instead.
1.1.4 Hubble’s discovery
Just over a decade later, Hubble (1925) found Cepheids in two fuzzy spiral nebulae by
their characteristic variability. Using the Leavitt Law, he would arrive at distances close
to a million light years (∼ 300 kpc) to the two “nebulae”. The vast distances to these
systems conclusively placed them beyond the Milky Way, dispelling the notion that the
Universe comprises only our Galaxy. Those two spiral “nebulae” are the local spiral
galaxies M31 (Andromeda Galaxy) and M33 (Triangulum Galaxy). Modern estimates
place these two galaxies at distances of ∼ 2.5 million light years (∼ 770 kpc). The
factor of ∼ 2 difference between Hubble’s determinations and modern values is a
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symptom of a major oversight in the early determinations of the Leavitt Law.
1.1.5 Mistakes of magnitude
The historically accepted Leavitt Laws developed by Hertzsprung and others like Har-
low Shapley suffered from an unfortunate offset of ∼ 1.5 magnitudes towards the
fainter direction; this offset arose primarily from neglecting the dimming effect of in-
terstellar extinction and the effects of galactic rotation on geometric measurements. By
coincidence, the intrinsic brightness of a fundamental mode1 Population I (Classical)
Cepheid is ∼ 1.5 magnitudes brighter than a Population II (Type II) Cepheid of the
same period. As a result, the inherently dimmer Type II Cepheids were incorporated
into the Leavitt Laws with little suspicion.
The conflation of the two populations of Cepheids in the Leavitt Law would eventu-
ally be resolved by Walter Baade in the late 1940s (Osterbrock, 1998). With the re-
cently discovered distinction between Population I and II stars and observations of the
variables in the Andromeda Galaxy, Baade concluded that the Classical Cepheids of
Population I should be 1.5 magnitudes brighter than the Type II Cepheids of the same
period. This correction was applied to the Leavitt Law, the consequence of which
was to double the distances to Classical Cepheids and the systems in which they re-
side, leading to the apocryphal statement: “The Lord made the universe –– but Baade
doubled it.”
1.1.6 Proposed variability mechanisms
Eight months after his discovery of the variability of the Cepheid prototype δ Cephei,
Goodrick wrote to the Royal Society with his findings and a hypothesis on the origin
of the observed variability. He suggested that the variability of δ Cephei was caused
by fixed dark spots on its stellar surface which would result in periodic dimming as the
star rotated on its axis (Hoskin, 1979). Curiously, for Algol (a non-Cepheid variable
1(see Section 1.2.4)
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star) he suggested another mechanism. He attributed Algol’s variability to it being a
two-body system, with eclipses causing the dimming.
A later and long-lasting theory attributed the variability of Cepheids to stellar bina-
rity, where eclipsing events caused the observed dimming. The binary hypothesis
was staunchly defended up until the 1930s despite mounting evidence to the contrary
(Gautschy, 2003). The colour of a Cepheid varies over each cycle, changing its spec-
tral type. Minor bumps and asymmetries in Cepheid light curves were accounted for
by introducing complex orbital configurations of several star systems — reminiscent of
Ptolemy’s epicycles. Spectroscopic studies of Cepheids did not reveal the existence of
more than one stellar signature. These drawbacks to the binary hypothesis were noted
by Shapley (1914), who detailed his misgivings towards the accepted theory. Shapley
presented an alternative explanation: the variations are intrinsic to the Cepheids them-
selves through some kind of internal pulsation mechanism, though he did not elaborate
on it.
The first studies into stellar pulsation were undertaken by Ritter (1878). He consid-
ered gaseous spheres of constant density undergoing radial pulsations and arrived at a
period-density relation: the pulsation period is proportional to the inverse square-root
of the density. He postulated that the observed changes in the brightness of variables
were intrinsic to the stars themselves through such radial pulsations and that they too
follow a period-density relation.
Eddington (1926) expanded upon the intrinsic pulsation hypothesis by considering an
engine-like mechanism as the driver of the pulsations. His key insight would be to
assign a variable transparency to the stellar material as a means to modulate the energy
flux. He also brought doubts to the idea that stellar contraction was the supposed
energy source of stars according to the virial theorem. He reasoned that if stellar
contraction were indeed the energy source of stars (and therefore the pulsations in
Cepheids) then the increasing mean density of an evolving, contracting Cepheid would
be observable as a change in its period via Ritter’s period-density relation. The veracity
of Eddington’s valve-like mechanism would later be proven (see Section 1.2.2).
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1.2 Physics of Cepheids
As this thesis is focused on Population I Classical Cepheids, they will be referred to
simply as Cepheids for brevity.
1.2.1 Key properties
Cepheids are young, bright, intermediate to high-mass stars (3–12 M) in the post main
sequence stage, fusing helium in their cores2. Their ages are in the ∼ 100 million year
range. They undergo radial pulsations that give rise to their characteristic oscillations
in observed brightness; these oscillations are extremely regular with periods that range
from less than a day to several months. As mentioned earlier, there exists a correlation
between the pulsation period of a Cepheid and its mean magnitude. This is the famous
period-luminosity relation or Leavitt Law.
Cepheids belong to an important family of astrophysical objects whose intrinsic bright-
ness is known or can be determined using other parameters. Objects like Cepheids oc-
cupy rungs on the cosmic distance ladder, a series of methods to determine distances
to progressively more distant celestial objects. Cepheids rely upon accurate calibra-
tions of their Leavitt Laws to provide reliable distance estimates. As discussed in the
history section, this was first achieved through parallax measurements of Cepheids.
In the same vein, the rungs representing type Ia supernovae, the Tully-Fisher relation
and other methods on the cosmic distance ladder depend upon reliable Cepheid Leavitt
Laws for calibration.
There exists a narrow, near-vertical region on the Hertzsprung-Russell (HR) diagram
spanning a small range in temperature that is referred to the instability strip. Stars
residing in this strip are unstable to pulsations because of the location of the partial
helium ionisation zone in relation to the low-density outer zone and the heat-dense
inner zone. Many classes of variable stars are found in this strip: Cepheids, RR Lyrae
2The mass of a Cepheid progenitor is sufficiently high to avoid the development of a degenerate core,
which would otherwise have led to a Helium Flash — a rapid runaway fusion reaction in the core.
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stars, and δ Scuti stars are a few examples (Carroll and Ostlie, 2007).
1.2.2 Kappa mechanism
The partial helium ionisation zone is the source of the pulsations observed in Cepheids.
The helium in this zone is partially ionised in the He II state, permitting the opacity of
the region to increase under compression. This is the physical realisation of Edding-
ton’s variable transparency mechanism.
When under compression, the layers of a Cepheid undergo an increase in density
and temperature which in most cases will result in a decrease in opacity according
to Kramers’ opacity law
κ ∝ ρT−3.5 (1.1)
where κ represents opacity, ρ is density, and T is temperature and is also dominat-
ing term. In order for the opacity of a region to increase when compressed, special
conditions are necessary.
In the partial ionisation zone, the act of compression increases the density of the region
while the work done by compression will mostly be expended in the ionisation of the
helium content rather than in the raising of the temperature. The increase in density
outweighs the small rise in temperature, leading to an increase in the opacity of the
zone. With the increase in opacity, more radiation is trapped in the zone and the in-
ternal pressure rises. The zone expands and elevates the material above it, causing the
Cepheid to swell. As the Cepheid expands, the density of the partial ionisation zone
decreases and the helium ions recombine with the free electrons; the temperature de-
crease during this phase is smaller than expected because of the release of energy from
recombination processes. The decrease in density leads to the decrease in opacity and
so radiation passes through the zone more freely and the internal pressure of the region
drops. Gravity eventually halts and reverses the expansion and the Cepheid contracts
once more, repeating the cycle (Carroll and Ostlie, 2007).
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The cycling between opacity and transparency of the partial ionisation zone — allow-
ing the build up and subsequent dissipation of energy — is the fundamental mechanism
driving the variations in brightness, radius and other observables. This process is re-
ferred to as the Eddington valve or κ-mechanism. Large-scale pulsations generated by
the κ-mechanism are permitted for a narrow range of effective temperature, defining
the location and shape of the instability strip on the HR diagram. At too high an effec-
tive temperature (Teff > 7500 K), the partial ionisation zone is too close to the surface
for significant pulsation to take place as the density of available material is too low.
At too low temperatures (Teff < 5500 K), the zone is close to the core and convection
processes dominate as the energy transfer mechanism, acting to dampen pulsations that
occur (Carroll and Ostlie, 2007). Figure 1.2 shows the locations of these zones in the
three cases.
Figure 1.2: The locations of the partial ionisation zones for hydrogen and helium in stars of
different effective temperatures. The locations of the zones vary with effective temperature.
Figure from Carroll and Ostlie (2007).
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1.2.3 Post main-sequence evolution and blue loops
Figure 1.3 shows the evolutionary track of a 5 M star along with the approximate
location of the instability strip. The track crosses the instability strip multiple times. It
is only during these crossings when the star becomes unstable to pulsations, meaning
that Cepheids are transient phenomena. For the following section, the evolution of a
star of mass 5 M will be examined.
Figure 1.3: Post main-sequence evolutionary track of a 5 M star with the approximate location
of the instability strip superimposed. Adapted from Carroll and Ostlie (2007).
When the core of the progenitor is depleted of hydrogen — leaving behind a core
of inert helium — the entire star contracts on a thermal timescale. The liberation
of gravitational potential energy has the following effects: the luminosity of the star
increases slightly, the radius of the star decreases, and the effective temperature rises.
The temperature of the hydrogen surrounding the inert helium core will eventually
reach the point where fusion can take place, forming a shell of fusing material.
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The shell where fusion takes place continuously consumes the hydrogen above the
core, supplying the inert core with additional helium. The mass of the core will reach a
point — the Scho¨nberg–Chandrasekhar limit — where it becomes too great and cannot
support the material above it. The core rapidly contracts and gravitational energy is
released, causing the stellar envelope to expand and cool. This is the sub-giant branch
phase and is represented by the red-ward path labelled SGB on the HR diagram (see
Figure 1.3). It is during this phase when the post-main sequence, intermediate mass
star is first unstable to pulsations as it crosses the instability strip. The star is now
in its first Cepheid phase. The timescale on which this process takes place is very
short in relation to other evolutionary stages; therefore, very few stars will be observed
undergoing this phase. The expected fraction of Cepheids making their first crossing of
the instability strip is around one per hundred (Poleski, 2008). The famous star Polaris
is suspected to be such a first-crossing Cepheid (Anderson, 2018).
With the expansion and cooling of the stellar envelope, the Cepheid phase terminates
and an extensive convection zone forms, joining the near-surface of the star with its
deep interior. The efficiency of energy transport from the hydrogen-burning shell to
the surface increases, and the luminosity of the star grows drastically, taking it up the
red-giant branch (RGB section in Figure 1.3).
At the tip of the RGB, the central density and temperature of the star are sufficient
to initiate helium fusion with the aid of quantum tunnelling to overcome electrostatic
repulsion. The rate of energy production via helium fusion in the core is strongly
sensitive to temperature and the core expands, pushing the hydrogen-fusing shell above
it outwards. The shell cools and its energy production rate drops slightly, resulting in
a sudden decrease in the star’s luminosity and the contraction of the stellar envelope
which raises the effective temperature. The path of the star along the RGB reverses.
The star travels horizontally blue-ward on the HR diagram during the helium-core
fusing stage. This is the second crossing of the instability strip and the start of the blue
loop. The star is once again unstable to pulsations and reprises its role as a Cepheid.
The star continues to travel horizontally towards higher temperatures until the helium
fraction in the core is Y ∼ 0.5. The core contracts and the stellar envelope expands
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and cools again, decreasing the energy output of the hydrogen shell, bringing the star
back towards the red side of the HR diagram. The helium content available for fusion
in the core is ultimately exhausted; helium continues to burn in a shell surrounding
the core of inert helium-fusion products — namely carbon and oxygen. During this
process, the star continues its red-ward path, finishing the blue loop.
For the 5 M star, the blue loop is a long lasting phase. The helium-core fusing phase
lasts ∼ 20% of the hydrogen-core fusing lifetime — or roughly 15 million years. An
important consequence of the longevity of the blue loop and its juxtaposition with the
instability strip is that a considerable number of post-main-sequence stars of interme-
diate mass are observed to pulsate as Cepheids.
1.2.4 Pulsation modes
The radial pulsation of a Cepheid can be considered to be a standing acoustic wave of
stellar material; the core acts as a stationary node and the surface as an antinode. This
configuration is not dissimilar to an organ pipe with a closed end where air does not
move and an open end where air undergoes maximum displacement. An organ pipe
with air oscillating in the fundamental mode contains a standing wave with a single
node at the closed end; all the non-stationary air moves in the same direction. For first
overtone oscillations, a node exists between the closed and open ends; air on either side
moves in opposing directions. Higher overtones introduce more nodes. Like organ
pipes, some Cepheids possess one or more nodal surfaces between the centre and the
outer surface, resulting in overtone mode pulsations (see Figure 1.4). The majority of
Cepheids pulsate in the fundamental mode (F). Overtone mode (O1, O2, etc) Cepheids
with more than one nodal surface are progressively rarer.
For a given pulsation period shorter than∼ 8 days, O1 Cepheids are brighter than their
F Cepheid counterparts by ∼ 1 mag in optical bands (Beaulieu et al., 1995). Cepheids
with periods longer than ∼ 8 days do not undergo overtone mode pulsations (Pellerin
and Macri, 2011).
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Figure 1.4: Cepheid standing wave configurations for (a) fundamental, (b) first overtone, and
(c) second overtone pulsation modes. Dashed lines are the nodal surfaces and arrows represent
the relative motions of stellar material.
Fundamental mode Cepheids generally produce asymmetric light curves with rela-
tively large amplitudes. Overtone mode Cepheids, meanwhile, typically exhibit near-
symmetric, sinusoidal light curves with small amplitudes. Cepheids with symmetric,
sinusoidal and small-amplitude light curves have historically been referred to as s-
Cepheids; some s-Cepheids, however, are actually fundamental mode pulsators and,
conversely, some fundamental mode Cepheids show small amplitude variations (Klagyivik
and Szabados, 2009). Figure 1.5 shows the light curves of Cepheids of varying periods
and modes of pulsation. In the fundamental mode panel, the effects of the Hertzsprung
progression are visible (see Section 1.3.2). To unequivocally determine a Cepheid’s
pulsation mode, more metrics than just the shape of its light curve are needed.
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Figure 1.5: Left: Light curves for F Cepheids. Centre: Light curves for O1 Cepheids. Right:
Light curves for O2 Cepheids. The Hertzsprung progression is visible in the F-mode light
curves. Figure from Soszynski et al. (2008).
To reliably classify Cepheids in terms of pulsation mode, Fourier decomposition of
their light curves is the method of choice. The magnitude variations of a Cepheid are
fitted with the Fourier series
m(t) = A0 +
N∑
i=1
Ai cos (2pii(t− T0)/P + φi) (1.2)
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where m(t) is the Cepheid magnitude at time t, A0 is the average magnitude, Ai is the
ith amplitude term, P is the pulsation period, and φi is the ith phase term. The key
Fourier parameters Ai and φi are extracted for Cepheid classification.
Antonello et al. (1990) found two quantities that, when plotted against the pulsation
period, can be used to distinguish between Cepheids with typical asymmetric light
curves and s-Cepheids. Plots of R21 = A2/A1 and φ31 = φ3 − 3φ1 against pulsation
period separate these two classes of Cepheids into different sequences (see Figure 1.6).
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Figure 1.6: Left: R21 vs period. Right: φ31 vs period. Black points are F Cepheids and grey
points are O1 Cepheids and the two populations are clearly separated. Figures are from Pilecki
et al. (2018).
1.2.5 Mass discrepancy
For the past 40 years, there has been a significant discrepancy in the theoretical masses
of Cepheids when estimated through either stellar evolution models or stellar pulsation
models. For a Cepheid with a given luminosity and effective temperature, stellar evo-
lution models predict a mass that is larger by 10–20% than a mass derived from stellar
pulsation models.
With the stellar positions reported by the HIPPARCOS and Gaia missions and by
searching for anomalies in their proper motions, (Kervella et al., 2019) identified a
sample of Milky Way Cepheids with close-by orbiting companions. In their study,
they estimate a binary fraction of ∼ 80% for Cepheids. However, only a handful
of Cepheids have been identified as part of eclipsing binary systems and have had
their masses determined through the analysis of their orbital dynamics (Neilson et al.,
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2011). The dynamic masses agree well with pulsation models; masses inferred from
stellar evolution models are therefore overestimates of the true mass.
The inability of stellar evolution models to accurately predict the mass of a Cepheid
suggests that there are physical processes that have not been considered or incorporated
into the models. Various mechanisms have been proposed to explain the discrepancy:
these include introducing convective core overshooting in the Cepheid’s progenitor
during its main-sequence phase (Chiosi et al., 1992), pulsation-driven mass loss during
the Cepheid stage of evolution (Neilson et al., 2011), and rotational mixing (Anderson
et al., 2014).
Convective core overshooting introduces extra hydrogen into the core during the main
sequence. Convective cells in the core retain momentum as they cross beyond the
boundary of the convective zone, mixing material from the upper stable layer into the
core. The core’s hydrogen reserves are continuously topped up, leading to a more mas-
sive helium core once the star leaves the main sequence to become a Cepheid. This has
the effect of making the Cepheid more luminous or equivalently results in a Cepheid
of lower mass mimicking a brighter Cepheid of higher mass with no convective core
overshooting (Rosenfield et al., 2017).
Pulsation-driven mass loss allows a Cepheid to lose mass while maintaining the same
luminosity. The total amount of mass that is lost depends strongly upon the longevity
of the Cepheid phase. Neilson et al. (2011) find that mass loss due to pulsations alone
is not enough to fully account for the discrepancy; a contribution from a small amount
of convective core overshooting is sufficient to account for the offset.
The effects of rotation in Cepheids have largely been disregarded under the impres-
sion that since Cepheids are giant stars, they would rotate slowly, leading to negligible
consequences. However, Cepheid progenitors (B-type stars) have been observed to be
fast rotators. Rapid rotation leads to an increase in the size of the progenitor’s core
and to the extension of the progenitor’s main-sequence lifetime through the mixing of
hydrogen from outer layers into the core. Like convective core overshooting, Cepheids
whose progenitors rapidly rotated have a higher luminosity than their mass would dic-
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tate. Unlike overshooting, progenitor rotations provide many testable predictions. An-
derson et al. (2014) show that rotation is sufficient to explain the mass discrepancy
without the need to invoke convective core overshooting or pulsation-driven mass loss.
A consequence of introducing convective core overshooting and stellar rotation is the
suppression of the blue loops that occur post-helium core ignition and that intersect
with the instability strip. For stars less massive than 5 M, the suppression is enough
to prevent the loop from entering the instability strip, averting the stars’ Cepheid phases
(see Figure 1.7) (Evans et al., 2018). The cause of the mass discrepancy has yet to be
fully resolved though it is likely that it may be due to a mixture of the mechanisms
discussed thus far.
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Figure 1.7: Computed post main-sequence stellar evolution tracks for stars of various masses
with moderate convective core overshooting and no rotation. Figure from Miller et al. (2018).
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1.3 Observed properties of Cepheids
1.3.1 Wavelength dependence
The light curves of Cepheids are very regular with a sharp rise to maximum brightness
then a slow decline to the minimum in the optical and shorter wavelengths. The ampli-
tudes of the brightness variations are sensitive to the Cepheid’s period and the wave-
length at which the measurements are made; the amplitudes decrease monotonically
with increasing wavelength (Bhardwaj et al., 2015). The shape of the light curve also
becomes more symmetric and sinusoidal towards redder wavelengths (see Figure 1.8).
Figure 1.8: Light curves of a Cepheid as observed through various filters. At longer wave-
lengths, the amplitudes decrease and the curve takes on a more symmetric and sinusoidal shape.
Figure from Madore and Freedman (1991).
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1.3.2 Hertzsprung Progression
The light curve for a Cepheid with a period in the range 6–16 days exhibits a secondary
bump. The phase of this bump is correlated with the period of the Cepheid; this phase-
period phenomenon is referred to as the Hertzsprung Progression (HP) and Cepheids
with this feature are often categorised as Bump Cepheids. For Bump Cepheids with
periods in the range 6–9 days, the HP bump is located on the descending section of the
light curve; for Cepheids with periods around 10 days, the bump coincides with the
primary peak; for longer periods, the bump travels down the ascending branch before
disappearing entirely (Garcı´a-Varela et al., 2016). The HP is visible in the light curves
for Fundamental mode Cepheids in Figure 1.5.
Two models have been proposed to explain this phenomenon: Christy’s echo model
(Christy, 1975) and Simon and Schmidt’s resonance model (Simon and Schmidt, 1976).
The echo model proposes that the bump originates from a pressure excess in the first
helium ionisation zone. The excess pressure occurs at the phase of maximum compres-
sion and gives rise to two pressure waves — one travelling inwards towards the core
and one outwards towards the stellar surface. The inward-travelling wave is reflected
off the core and reaches the surface one period later, resulting in the observed bump
in brightness. The resonance model suggests that the fundamental mode of oscilla-
tion drives an oscillation of the second overtone; a period ratio of P2/P0 = 0.5 arises,
hence a resonance which manifests itself as a bump in the light curve. The mechanism
behind the HP is not yet fully understood though the consensus is leaning towards the
resonance model (Gastine and Dintrans 2008, Buchler 2009, Smolec 2017).
1.3.3 Phase lag
The velocity curve of a Cepheid closely resembles its light curve with maximal out-
ward velocity coinciding with maximal brightness followed by a similarly slow drop.
The maximum brightness of a Cepheid is expected to occur at the same phase as min-
imum radius. However, what is observed is a phase lag between the two points: the
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time of maximum brightness occurs ∼ 90◦ after minimum radius is achieved (see Fig-
ure 1.9).
Early models of variable stars were unable to recreate this phase lag when considering
only a single partial ionisation zone of helium. It wasn’t until the inclusion of a hydro-
gen partial ionisation zone above the helium that the models agreed with observations.
During the compression stage, the hydrogen partial ionisation zone acts to temporarily
store energy from the heat flow, increasing its ionisation fraction. This has the effect
of keeping the temperature approximately constant and increasing the opacity. The
increase in opacity slows the outward flux from lower layers, delaying the Cepheid’s
rise to maximum brightness (Szabo´ et al., 2007).
Figure 1.9: The magnitude, effective temperature, radius, and velocity curves of δ Cephei. A
phase lag between maximal compression (minimum radius) and maximal luminosity is visible.
Figure from Carroll and Ostlie (2007).
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1.3.4 Break in linearity
The Leavitt Law has long been presumed to be linear across the permitted period range
0.3 < logP < 2. Recent studies of Cepheids in the Large Magellanic Cloud, however,
strongly suggest the existence of a significant but subtle non-linearity in the Leavitt
Law: a break in the optical-band PL relations for F mode Cepheids occurs at logP = 1
(or P = 10 days) with the Leavitt Laws on either side of the break possessing differing
slopes (Tammann et al. 2003, Ngeow et al. 2005, Ngeow and Kanbur 2006, Garcı´a-
Varela et al. 2013).
Bhardwaj et al. (2016) quantified the changes in the Leavitt Laws in optical, near-
infrared, and multi-band magnitudes3 with a variety of statistical tests. They find that
the slopes differs by at most ∼ 10% on either side of logP = 1 in optical bands, while
in near-infrared bands, small non-linearities arise around logP = 1.25 (∼ 18 days).
Figure 1.10 plots their period-luminosity and period-Wesenheit relations. They suggest
that the physical mechanism behind the non-linearities is the variations in the envelope
structure of Cepheids as a function of pulsation period, for a given mass-luminosity
relation and a fixed topology of the instability strip.
Gieren et al. (2018) acknowledge the presence of Leavitt Law non-linearities in their
study of the effects of metallicity on Cepheids though they find that the consequences
on their results are insignificant.
3These multi-band magnitudes are constructed in such a way so that they are reddening-free and are
referred to as Wesenheit magnitudes. See Section 4.3 for more details.
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Figure 1.10: The break in the period-luminosity relations for various optical and infrared bands
and for Wesenheit indices. The dashed lines represent the fitted Laws for Cepheids with periods
shorter than 10 days. The solid lines represent the fits for the longer-period Cepheids. Figure
from Bhardwaj et al. (2016).
With over 300 Cepheids in M31, Kodric et al. (2015) find evidence for non-linearity
in the Leavitt Laws in near-infrared bands. In a follow-up study, Kodric et al. (2018)
increased the sample size to over 500 Cepheids; however, they do not find significant
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signs of a broken slope. They suggest that the non-linearity that was reported in Kodric
et al. (2015) was caused by the presence of a large number of Cepheids with anomalous
colours. With the larger sample size in the follow-up study, the influence of those
atypical Cepheids is suppressed and the non-linearity of the slopes vanishes.
The existence of non-linearities in the period-luminosity relation still remains a con-
tentious issue, particularly in the near-infrared regime.
1.3.5 Theoretical and observed metallicity effects
With nonlinear convective pulsation models, Caputo et al. (2000) investigated the ef-
fects of metallicity on Cepheid pulsation and, hence, Leavitt Laws. Cepheid mod-
els of varying levels of metallicity and mass were created and their resulting pulsa-
tional properties were explored. They find that as the metallicity increases, the lo-
cation of the instability strip shifts to redder colours and the Cepheids, at fixed pe-
riod, become dimmer. Quantitatively, they arrive at a positive metallicity correction of
∆µ/∆ logZ = 0.27 mag/dex where ∆µ is the change in apparent distance modulus
for a given difference in metallicity (∆ logZ) between the Cepheids and that of the
Large Magellanic Cloud.
The theoretical dimming of Cepheids with increasing metallicity is in line with the
luminosity-metallicity relation for stars in hydrostatic equilibrium whereby an increase
in metallicity (assuming a fixed helium abundance) leads to a lower luminosity (Salaris
and Cassisi, 2005).
With their models, Marconi et al. (2005) also find that as the metal content increases
from Z = 0.004 to 0.03 at a fixed value for ∆Y/∆Z (where Y is the helium content),
the instability strip moves towards lower effective temperatures. They also show that
as metallicity increases from Z = 0.03 to 0.04, the width of the instability strip be-
comes narrower because of the lower pulsation efficiency from the low abundance of
hydrogen.
Empirical studies, however, generally find the opposite result concerning the relation
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between metallicity and Cepheid brightness — that is, for the same period, a Cepheid
with higher metallicity is observed to be brighter than a Cepheid of lower metallicity.
See Macri et al. (2006), Scowcroft et al. (2009), Gerke et al. (2011), Shappee and
Stanek (2011), Storm et al. (2011), Mager et al. (2013), Fausnaugh et al. (2015) and
Gieren et al. (2018) for such examples. In line with theoretical predictions, Romaniello
et al. (2008) measure a positive metallicity correction using direct measurements of the
iron content of 68 Cepheids in the Milky Way and Magellanic Clouds.
Contrary to the previous results, Wielgo´rski et al. (2017) do not empirically detect any
significant metallicity effect across a wide range of passbands.
It should be noted that most observational studies into the metallicity parameter relied
on indirect measurements of Cepheid metallicities. One method of acquiring indirect
Cepheid metallicities is to adopt a galactic metallicity gradient as determined from
spectroscopy of HII regions and to assign a metallicity value to a given Cepheid ac-
cording to its galactocentric distance; this method, however, introduces considerable
uncertainty. Ideally, metallicities should be obtained on Cepheid-by-Cepheid basis
through spectroscopy. Alternatively, if spectroscopy is infeasible, a metallicity gradi-
ent determined from beat Cepheids would be better suited than one obtained with HII
regions since Cepheid metallicity is strongly constrained for a given period ratio.
1.4 Using Cepheids
1.4.1 Mathematical derivation of the PL relation
The functional form of the PL relation, or Leavitt Law, can be derived from the dimen-
sional analysis of various stellar parameters pertaining to Cepheids.
We start with Ritter’s period-density relation for a pulsating sphere of gas
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P ∼ 1√
ρ
∼ R
3/2
M1/2
.
(1.3)
The mass and radius terms can be substituted using the mass-luminosity relation and
the Stefan-Boltzmann law respectively
M ∼ L1/α and R ∼
(
L
Teff
4
)1/2
which yields
P ∼
(
L/Teff
4
)3/4
L1/2α
. (1.4)
Taking the base-10 logarithm and collating the terms gives
logP = A× logL+B × log Teff + c (1.5)
or, equivalently, using observable quantities
logP = A′ ×M +B′ × colour + c′. (1.6)
This is the period-luminosity-colour relation. As previously mentioned, for a given
luminosity, Cepheids exist in a narrow range in temperature in order for significant
radial pulsations via the κ-mechanism to occur. The near-verticality and small width
of the instability strip shows that effective temperature changes very slowly in relation
with average luminosity. With this in consideration, the temperature (i.e. colour) term
in the period-luminosity-colour relation can be absorbed into the constant term at the
expense of a slightly higher dispersion
1.4. Using Cepheids 25
logP = A′ ×M + c′′. (1.7)
Rearranging into its usual form yields
M = A′′ × logP + c′′′. (1.8)
The coefficient on the period term and the constant can be derived either through ob-
servations of Cepheids of known distances or through theoretical considerations. Once
those values have been established for a particular passband, the absolute magnitude
for a Cepheid is easily inferred by measuring its pulsation period. With an absolute
magnitude, a distance can be derived after measuring the apparent magnitude (assum-
ing no extinction is present, or extinction effects have been accounted for).
1.4.2 The Leavitt Law
The intrinsic brightness of a Cepheid is tightly correlated with its pulsation period.
Of the many stellar observables, pulsation period is one of the easiest to measure to a
high level of precision. A series of photometric observations of a Cepheid produces
a light curve, from which a period (or multiple periods for multi-mode Cepheids) can
be extracted with Fourier analysis. As can be seen in Figure 1.8, the amplitude of pul-
sation monotonically increases with decreasing wavelength; periods measured from
light curves with large amplitudes are more reliable. While optical band light curves
are ideal for determining periods, their large amplitudes hinder mean magnitude mea-
surements. In the mid-infrared, the pulsation amplitudes, the intrinsic scatter in the
Leavitt Law and interstellar extinction are significantly reduced compared to those in
the optical, making mid-infrared observations particularly attractive for Cepheid-based
distance studies.
With a Cepheid’s period and a calibrated Leavitt Law for a given passband, the abso-
lute magnitude in that passband is calculated. With an extinction-corrected apparent
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magnitude in the same passband, a measure of distance is given by the difference in
calculated absolute magnitude and measured apparent magnitude.
1.4.3 The Baade–Wesselink method
The radial oscillations of a Cepheid provide a geometric method for measuring its
distance. As the radius R(φ) of a Cepheid varies with phase, so too does its angular
size θ(φ) on the sky. The distance d to the Cepheid acts as a conversion factor between
the two quantities
θ(φ) =
2R(φ)
d
(1.9)
thereby providing a means to estimate Cepheid distances independent of the Leavitt
Law. This is the Baade–Wesselink method (Gautschy, 1987). Acquiring accurate val-
ues for the radius and angular diameter, however, requires more elaborate methods
than those used in determining periods and magnitudes.
Direct measurement of the angular size of a Cepheid is achievable through interfero-
metric techniques. Kervella et al. (2004b) determined the average angular diameters of
seven nearby Galactic Cepheids through long-baseline interferometry and find values
in the range of 1–3 milliarcseconds. It is also possible to infer the angular size varia-
tions of a Cepheid through purely photometric means by measuring its magnitude and
colour variations.
The surface brightness of a star is related to its angular diameter via the relation
FV (φ) = 4.2207− 0.1V0(φ)− 0.5 log θ(φ) (1.10)
where FV is the V-band surface brightness, V0 is the de-reddened visual magnitude, θ
is the stellar angular diameter, and φ is the phase.
With their direct measurements of Cepheid angular sizes, Kervella et al. (2004a) derive
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the following relation between surface brightness and V −K colour
FV = −0.1336(V −K)0 + 3.950 (1.11)
thereby allowing the indirect determinations of the angular sizes of Cepheids through
measurements of their colours when interferometry is not feasible.
Spectroscopic measurements of a Cepheid’s photosphere reveal its radial velocity vari-
ations superimposed on the Cepheid’s systemic velocity with respect to the Earth.
However, the measured radial velocity Vrad is not the pulsational velocity Vpuls that
is required for the Baade–Wesselink method but a convolution of Vpuls with various
phenomena. Limb darkening, the spherical geometry and the difference in velocity be-
tween the photosphere (optical depth of τ ≈ 1) and line-forming regions (τ = 2/3) all
contribute to the convolution which is parametrised as the projection factor p (Kervella
et al., 2017).
Integration of the pulsational velocity (radial velocity multiplied by the projection fac-
tor) curve over a portion of a pulsation cycle yields the change in stellar radius between
the phases φ1 and φ2
∆R = −p
∫ φ2
φ1
(Vrad(φ)− Vsys)dφ (1.12)
By taking the variations in radius along a Cepheid’s oscillation cycle from spectroscopy
and the corresponding changes in angular size from photometry or interferometry, a
distance can be estimated. Figure 1.11 illustrates various techniques involved with the
Baade-Wesselink method.
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Figure 1.11: Left: Angular variations of δ Cephei from interferometry; figure from Gallenne
et al. (2016). Centre: Line profile variations of δ Cephei from spectroscopy; figure from
Nardetto et al. (2017). Right: Difference between radial and pulsation velocity; figure adapted
from Kervella et al. (2018).
1.4.4 Period-Age relation
From theory of stellar evolution, stars of higher mass are found to leave the main se-
quence earlier and have lower densities, resulting in longer pulsation periods when
those stars enter the instability strip. A relationship therefore exists between the pul-
sation period of a Cepheid and its age: younger Cepheids will have longer pulsation
periods (Efremov, 2003).
Senchyna et al. (2015) arrive at the following period-age relation using Cepheids in the
Andromeda Galaxy
logA = −0.69 logP + 8.38 (1.13)
where A is the age in years and P is the period in days.
With the period-age relation, Cepheids can act as age-tracers as well as distance mark-
ers, making them useful for investigating localised star formation history and age dis-
tributions.
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1.4.5 Beat Cepheids as metallicity tracers
A rare class of Cepheids pulsate simultaneously in two adjacent modes, typically fun-
damental/first overtone (F/O1) or first/second overtone (O1/O2). These Cepheids are
aptly named double-mode or beat Cepheids and were first identified by Oosterhoff
(1957). Unless otherwise stated, the term beat Cepheids will refer to Cepheids pulsat-
ing in the F/O1 modes.
Through models of stellar evolution and pulsation, the mass, luminosity, effective tem-
perature and metallicity of a beat Cepheid are tightly constrained. A limited region
of the parameter space permits the simultaneous pulsations in both the fundamental
and first overtone modes. Beaulieu et al. (2006) find that the metallicity is especially
tightly constrained in their models and have used this fact to determine the metallicities
of five beat Cepheids in the Triangulum Galaxy. They also demonstrate the efficacy
of the Petersen diagram (Petersen, 1973) as a means to photometrically extrapolate the
metallicities of beat Cepheids.
A Petersen diagram is simply a plot of the ratio between two pulsation periods against
the pulsation period of the lower harmonic. Since the metallicities of beat Cepheids are
tightly correlated with their pulsation periods, different regions of a Petersen diagram
correspond to different metallicities. One can therefore infer the metallicity of a beat
Cepheid simply by its position on the plot (see Figure 1.12).
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Figure 1.12: Petersen diagram of a selection of beat Cepheids. The Z metallicity tracks are
presented as lower and upper boundaries in the left and right plots respectively. The overall
metallicities of the Magellanic Clouds are lower than the Milky Way as expected. Figure from
Lee et al. (2013).
1.5 The Cosmic Distance Ladder
Cepheids occupy a vital rung on the so-called cosmic distance ladder, a succession of
methods with which to estimate distances to celestial objects. The rungs on the ladder
represent different astrophysical phenomena, ranging from the minuscule parallactic
motion of stars to the cataclysmic collapse of exposed stellar cores.
Many distance estimators rely on the accurate characterisation of Cepheids and the
Leavitt Law as a means for calibration.
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1.5.1 Parallax
At the base of the ladder is the parallax method, a purely geometric technique well
suited for nearby stars and stellar clusters. As the Earth (and its resident observers and
telescopes) orbits the Sun, the nearest stars appear to trace ellipses on the sky while
the faraway background stars remain stationary (see Figure 1.13). With a measured
apparent elliptical motion (parallax angle) ω¯, and a reddening-corrected apparent mag-
nitude m0 for a star, the absolute magnitude M for that star can be calculated with the
following relation
M = m0 + 5 log(ω¯)− 10 (1.14)
where ω¯ is measured in milliarcseconds. After the absolute magnitude, a distance
estimate easily follows.
This method of inverting a parallax into an absolute magnitude is, however, only suit-
able for parallax angles with errors of less than 10%, otherwise the error in the absolute
magnitudes will be significantly asymmetric, which can lead to biases; the parallax an-
gles must also be measured to be positive in value for the relation to function.
Figure 1.13: The parallax method. A nearby star will appear to trace out a small ellipse as the
Earth orbits the Sun. Image not to scale.
The parallax angle for the nearest star to the Sun, Proxima Centauri, is ω¯ = 0.77′′,
corresponding to a distance of 1.3 parsecs. Ground-based measurements are able to
detect parallax angles down to ∼ 0.01′′, which would ideally translate to a maximum
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measurable distance of 100 parsecs. In practice, the distance limit is several tens of
parsecs, restricting the ground-based parallax method to the nearest few hundred stars
(de Grijs, 2011).
The space-based Gaia mission is — as of writing — observing the positions, proper
motions, parallaxes, and brightnesses of 1.7 billion sources. At the end of its mission,
the parallax errors are expected to be of order 10−5 arcseconds for sources brighter
than V ∼ 13 mag. As part of Gaia Data Release 2, the characteristics of ∼ 10, 000
Cepheids were published, 350 of which are likely to be new discoveries (see Fig-
ure 1.14) (Clementini et al., 2018).
With the vast wealth of Galactic Cepheid data, the Leavitt Laws can be calibrated to a
great level of precision and accuracy, solidifying the foundation of the cosmic distance
ladder.
Figure 1.14: Positions of ∼ 10,000 Galactic and Magellanic Cepheids (classical, type II and
anomalous) from the Gaia Data Release 2. Red points are known Cepheids and blue points are
new Cepheids discovered by Gaia. Figure from Clementini et al. (2018).
One key issue that plagues the parallax method is the Lutz–Kelker bias. For a given
measured parallax angle ωm and its associated error σ, an upper and lower bound on
a distance d is provided. When being measured, stars with true parallaxes larger and
smaller than that range in parallax can scatter into ωm±σ, and stars with true parallaxes
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within ωm ± σ can scatter out. Assuming that stars are uniformly distributed in space,
the number of stars per parallax interval varies as 1/ω4. More stars with parallaxes
smaller than ωm will scatter into ωm ± σ than those with larger values. Therefore,
the average true parallax of stars with a measured parallax of ωm is smaller than ωm,
which in turn yields distances that are too small. To counter this bias, a Lutz–Kelker
correction may be applied (Lutz and Kelker, 1973).
1.5.2 Cepheids
Cepheids play a vital role in the context of the extragalactic distance scale by extending
the reach of the cosmic distance ladder to galaxies beyond the Local Group. Owing
to their intrinsic brightness, Cepheids can be detected out to several tens of Mpc (Bird
et al., 2009), well beyond the Local Group of galaxies which spans a few Mpc in diam-
eter (Mateo, 1998). For the more distant extragalactic distance determination methods
to be viable, those methods require calibration; this can be provided by observable
Cepheids that are within the systems from which the secondary distance methods orig-
inate.
1.5.3 Tip of the Red Giant Branch
Stars of low mass (M < 2 M) undergo a helium flash event when reaching the top
of the red giant branch. The helium flash is the runaway fusion of the degenerate core,
converting around 5% of the helium content into carbon via the triple-α process. In
just a few seconds, the power output of the core reaches∼ 1010 L though almost none
of this energy reaches the surface as it is absorbed by the intervening layers of the star.
The RGB phase of the star’s evolution terminates and it subsequently travels down to
lower luminosities, and begins to fuse helium in a stable manner.
For stars of mass M < 1.8 M and with solar chemical abundances, the luminosity
at which the helium flash occurs is approximately constant. A star of higher metallic-
ity burns its hydrogen more efficiently in its hydrogen-burning shell, making the star
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brighter; the helium core heats up faster due to the more efficient shell burning and
therefore ignites at a lower mass. The lower mass of the core during ignition would
correspond to a dimmer star but the efficient hydrogen shell more than compensate for
that effect. The net result is that the more metal-rich stars are brighter at the helium
flash point than their lower metallicity counterparts.
The brightness of an RGB star at its helium flash is referred to as the tip of the RGB
(TRGB) magnitude and it generally varies with metallicity. At a fixed age, the bolo-
metric magnitude at the flash decreases with increasing metallicity; the relationship
between the magnitude of the TRGB star will vary between different photometric fil-
ters due to metallicity effects on bolometric corrections. The dependence of the TRGB
brightness on metallicity is minimal in the I-band for metallicities [Fe/H] < −0.7 dex.
The consistency of the I-band TRGB magnitude for low metallicity RGB stars makes
them well suited as standard candles out to distances of ∼ 20 Mpc. Unlike Cepheids,
which are only found in spiral galaxies, RGB stars are readily found in galaxies of
many morphologies and in other stellar systems.
Along the RGB in the I-band, the tip is delineated by a sudden change in the number
of stars, i.e., a large gradient in the luminosity function (LF). A common technique
for locating the sharp change in the LF is to convolve it with an edge-detection kernel.
The peak of the output is located at the discontinuity or “edge” of the LF and the
magnitude is read off accordingly as the TRGB magnitude (Salaris and Cassisi, 2005).
The absolute TRGB magnitude is well established at a value of MTRGBI ≈ −4 mag.
A distance is then found simply by taking the difference between the observed TRGB
magnitude and the absolute TRGB magnitude. Figure 1.15 shows a CMD of the RGB
stars in the nearby spiral galaxy NGC 4258 and the location of the TRGB determined
with an edge detection filter.
It is expected that a precise and accurate calibration of the absolute TRGB magnitude
will be attained with parallax measurements of Milky Way red giants with Gaia.
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Figure 1.15: Left: I vs (V – I) CMD of the RGB stars in the nearby spiral galaxy NGC 4258.
Right: The response of the edge detection filter on the LF of the branch stars. The peak of the
response marks the location of the TRGB (dashed line). Figure from Freedman (2017).
1.5.4 Tully–Fisher relation
Entire galaxies can themselves act as distance indicators. Tully and Fisher (1977)
demonstrate this by showing that there exists a relation between the luminosity of a
spiral galaxy and its disc circular velocity. The rotational velocity is framed as the
measured width of the global neutral hydrogen (HI) line profile since it is strong in
spiral galaxies and it samples the line-of-sight velocity over the entire disc. The ro-
tational velocity, after being corrected for inclination and random motion, provides a
measure of the mass of a spiral galaxy’s dark matter halo while the luminosity is an
indication of the total stellar mass. The correlation between luminosity and rotational
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velocity is thought to arise from a relationship between the dark matter halo and the
baryonic content that it hosts, with the assumption that the luminosity is a direct result
of the total baryonic mass (Ponomareva et al., 2017).
Calibration of the Tully–Fisher relation is typically attained by using Cepheids or the
tip of the red giant branch method to acquire independent distances to those galaxies.
Cepheids can be readily found in spiral galaxies since such galaxies host young and
massive stars. Sorce et al. (2013) combined colour-corrected mid-infrared magnitudes
and HI line widths for 213 galaxies — of which, 26 had known distances — and arrive
at the relation
MC[3.6] = −(20.34± 0.08)− (9.13± 0.22)(logW imx − 2.5) (1.15)
where MC[3.6] is the colour-corrected mid-infrared (3.6µm) magnitude and W
i
mx is ap-
proximately twice the maximum rotation velocity of the galaxy (see Figure 1.16).
26 Zero Point Calibrators
24 Virgo
15 Fornax 
32 UMa 
11 Antlia 
11 Centaurus
12 Pegasus
14 Hydra 
23 Pisces
11 Cancer
16 Coma 
19 Abell 1367
7 Abell 400 
18 Abell 2634/66 
(m
ag
)
Figure 1.16: Mid-infrared Tully–Fisher relation derived from 213 spiral galaxies. Figure from
Sorce et al. (2013).
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With this method, distances of up to 200 Mpc are measurable, where the effects of the
Hubble Flow are present and dominate over peculiar velocities.
1.5.5 Type Ia supernovae
Astrophysical objects or phenomena with intrinsic luminosities that are known are
given the colloquial term standard candle. A type of astrophysical phenomenon with
the standard candle classification is Type Ia supernovae (SNe Ia). These supernovae
mark the death throes of white dwarfs — the remnant degenerate carbon-oxygen cores
of low- to intermediate-mass stars. The favoured model describing the mechanism be-
hind the eruptive event involves the passing of matter from an evolving secondary star
onto the C-O white dwarf. One version of this model has the helium from the sec-
ondary star settling onto the surface of the white dwarf, becoming degenerate. Even-
tually, the white dwarf will accumulate enough surface helium and a helium flash will
occur, sending shock waves into the dwarf’s interior, prompting the ignition of the de-
generate carbon-oxygen material. Another version forgoes the helium flash; instead,
the contribution of mass from the added helium eventually brings the total mass of
the white dwarf over the Chandrasekhar limit. Beyond this limit, the degeneracy pres-
sure from the carbon and oxygen is no longer sufficient to resist gravity and to prevent
nuclear fusion.
Regardless of the ignition mechanism, SNe Ia reach a peak luminosity of
〈MB〉 ' 〈MV 〉 ' −19.3± 0.3 mag (1.16)
before dimming over a period of weeks. There exists a correlation between the rate of
decline in brightness and the peak brightness: the more rapid the rate of dimming, the
fainter the supernovae at its peak. This is the Phillips relation (Phillips, 1993). Cepheid
magnitudes peak at around M ' −6 mag, 13.3 magnitudes dimmer than SNe Ia. This
difference corresponds to a maximum observable distance that is greater than that of
Cepheids by a factor of ∼ 400 (Carroll and Ostlie, 2007).
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To date, 19 galaxies with Cepheid-calibrated distances have been observed to host a
recent Type Ia supernova event (Riess et al., 2016). With the anchoring of distances
derived from SNe Ia observations to Cepheids, the distance ladder is able to reach
cosmologically significant distances.
1.5.6 Hubble constant
One of the key parameters in cosmology is the Hubble constant H0 and great effort
has been expended in determining its value. Riess et al. (2016) determined a local
value of H0 = 73.24 ± 1.74 km s−1Mpc−1, an uncertainty of 2.4%. This level of
precision was achieved through the observations of Cepheids in 19 SNe Ia host galax-
ies, with the Cepheids imparting their precise calibration to the SNe Ia method of
distance determination. The recession velocities of the host galaxies, combined with
their distances, provides a local estimate for H0. This value was slightly improved to
H0 = 73.52 ± 1.62 kms−1Mpc−1 with the addition of parallax measurements of 50
Milky Way Cepheids from Gaia (Riess et al., 2018).
From the edge of the observable Universe, the cosmic microwave background (CMB)
provides another measure of the Hubble constant. From their analysis of the variations
in temperature and polarisation maps under the constraints of the ΛCDM cosmology,
the Planck Collaboration (2018) find a value of H0 = 67.4± 0.5 kms−1Mpc−1.
Between these twoH0 values derived from local and cosmological scales, there exists a
significant tension of ∼ 4σ. The difference may arise from unknown systematic errors
from either system of methods or may be hints to new physics beyond the current
standard model (Freedman, 2017).
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1.6 Aims of this thesis
The characteristics of a star — such as its observed spectral energy distribution — vary
with its chemical composition. For Cepheids, these metallicity-induced variations may
introduce changes into the Leavitt Law, complicating their use as a primary distance
indicator.
Observational studies of the effects of metallicity on Cepheids have been undertaken
and the majority show a correlation between the observed Cepheid brightness and
chemical abundance. For example, Sasselov et al. (1997), Sakai et al. (2004), Scowcroft
et al. (2009) and Mager et al. (2013) find that Cepheids of higher metallicity are
brighter in the optical, giving lower optical Leavitt Law zero-points and hence smaller
observed distance moduli. However, it was argued whether this effect may instead
be attributed to the effects of stellar crowding and blending (Wagner-Kaiser et al.,
2015). Freedman and Madore (2011) arrive at the opposite conclusion regarding the
dependence between metallicity and measured distance: they observe that metal-rich
Cepheids are dimmer in optical wavelengths and that the size of the effect decreases
at longer wavelengths until the sign reverses in the 3.6 µm filter. From their study
of Cepheids in both Magellanic Clouds, Wielgo´rski et al. (2017) find no significant
metallicity effect in optical and infrared bands. Counter to most empirical studies, Ro-
maniello et al. (2008) measure a positive metallicity correction (at fixed period, metal-
rich Cepheids are inherently dimmer) using direct measurements of the iron content of
68 Cepheids in the Milky Way and Magellanic Clouds.
Some theoretical investigations on the effect of metallicity on Cepheids suggest that the
more metal-rich Cepheids ought to be dimmer and hence appear more distant, contrary
to most empirical results (Bono et al., 1999a, Caputo et al., 2000, Marconi et al., 2005).
Under theoretical considerations, the slope of the Leavitt Law is expected to steepen
with decreasing metallicity (Marconi et al., 2010) with the effect decreasing towards
longer wavelengths (Fiorentino et al., 2002, 2007). Observational studies, however,
tend to find no significant metallicity-slope effect (Pietrzyn´ski et al. 2007, Mager et al.
2013, Ripepi et al. 2018).
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These uncertainties are detrimental to the accuracy of secondary distance indicators
that rely on accurate Cepheid calibrations (such as type Ia Supernovae and the Tully-
Fisher relation). These cascading errors contribute to the systematic uncertainty on
estimates of the Hubble constant and other cosmological parameters (Freedman et al.,
2011).
To explore the possible effects of metallicity on the Leavitt Law, Cepheids residing
in the nearby spiral Triangulum galaxy (M33) are investigated. M33 is an ideal test
bed for extragalactic Cepheid studies as the galaxy is nearby, situated away from the
plane of the Milky Way, has a low inclination angle and hosts thousands of Cepheids.
M33 features a radial metallicity gradient and Cepheids are readily found throughout
the disc. Cepheids at different galactocentric radii, therefore, sample different levels of
metallicity, potentially affecting their observed characteristics. The effect of metallic-
ity on the Leavitt Law can be empirically scrutinised and quantified with this bounty
of Cepheid variables.
This study uses images of M33 taken in Sloan-like filters. Observational studies of
Cepheids have typically used Johnson-Cousins filters. With the advent of large-scale
sky surveys using Sloan-band filters, Cepheid studies in Sloan filters will become more
prevalent. The Large Synoptic Survey Telescope will utilise Sloan filters and is ex-
pected to be able to detect and measure Cepheids in the southern sky out to distances
of at least 10 Mpc (Hoffmann and Macri, 2015). This work will provide a baseline
against which future Sloan-band studies of Cepheids can be compared.
Chapter 2
The Triangulum Galaxy
The Triangulum Galaxy (M33), along with the Milky Way and the Andromeda Galaxy
(M31), are the dominant galaxies of the Local Group, a collection of ∼ 50 gravitation-
ally bound galaxies spanning a few Mpc. Under Hubble’s galaxy classification system,
M33, with its loose spiral arms and lack of a central bar, is an Sc type galaxy.
2.1 Basic properties
With its close proximity and low inclination, M33 has been studied intensively for
many decades. Many of its properties are, therefore, well constrained though some
remain in slight dispute. Basic parameters are presented in Table 2.1.
Property Value Source
Coordinates (J2000) RA = 01h33m50.9s,
Dec = +30◦39′35.8′′ Wenger et al. (2000)
Distance 794 to 968 kpc Table 2.2
Angular size 71′ × 42′ Ko¨nig and Binnewies (2017)
Stellar mass 3.2× 109 M van der Marel et al. (2012)
Inclination 53◦ Magrini et al. (2007)
Position angle 22◦ Magrini et al. (2007)
Table 2.1: Basic properties of M33.
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Figure 2.1: The Triangulum Galaxy. Copyright: Robert Gendler, Subaru Telescope, National
Astronomical Observatory of Japan (NAOJ).
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2.1.1 Stellar distance estimates to M33
M33 is close enough that its stars are spatially resolvable, enabling the use of many
stellar methods of distance estimation. Stellar distances obtained with various tech-
niques over the past two decades typically lie within the range 24.4 < µ < 24.9 mag
where µ is the distance modulus and is defined as µ = (m−M) i.e., the difference be-
tween the apparent and absolute magnitudes of a celestial object. Converting a distance
modulus (which is a logarithmic measure of distance) into a linear scale is achieved
with the following relation
D = 10(µ+5)/5 pc (2.1)
Table 2.2 lists a sample of distance estimates determined from various stellar distance
indicators and, where applicable, the adopted distance to the Large Magellanic Cloud.
2.1.2 Metallicity gradients
Metallicity gradients are a common trait of spiral galaxies and M33 is no exception.
Indeed, the first signs of the existence of metallicity gradients in spiral galaxies were
first observed in M33 by Aller (1942). Gradients are usually presented as the change in
iron or oxygen abundance as a function of galactocentric radius and are almost always
negative in value, i.e., the inner regions of spiral galaxies are more metal rich than the
outskirts.
Various studies into the metal content of M33 confirm the presence of a negative radial
metallicity gradient. However, there is some dispute over the steepness of the gradient
and whether or not the gradient is better represented by a multi-component profile.
Recent results are shown in Table 2.3.
Implicit to most metallicity gradient studies in spiral galaxies is the assumption of an
axisymmetric distribution of chemical abundances. A recent spectroscopic survey of
412 HII regions in M33 by Lin et al. (2017) supports the assumption that there is little
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Distance modulus Method Adopted LMC Source
(mag) distance (mag)
24.56± 0.10 Cepheids 18.50 Freedman et al. (2001)
24.47± 0.13 Cepheids 18.50 Willick and Batra (2001)
24.53± 0.19 Cepheids 18.50 Lee et al. (2002)
24.53± 0.11 Cepheids 18.4 Scowcroft et al. (2009)
24.76± 0.02 Cepheids 18.5 Pellerin and Macri (2011)
24.62± 0.07 Cepheids 18.50 Gieren et al. (2013)
24.84± 0.16 RR Lyrae 18.5 Sarajedini et al. (2000)
24.67± 0.07 RR Lyrae Sarajedini et al. (2006)
24.52± 0.11 RR Lyrae Yang et al. (2010)
24.36± 0.09 RR Lyrae Dambis et al. (2013)
24.85± 0.13 LPV 18.5 Pierce et al. (2000)
24.80± 0.06 Miras 18.493 Yuan et al. (2018)
24.80± 0.06 Red clump Kim et al. (2002)
24.81± 0.24 HB Sarajedini et al. (2000)
24.81± 0.14 TRGB Kim et al. (2002)
24.72± 0.14 TRGB Brooks et al. (2004)
24.64± 0.15 TRGB Galleti et al. (2004)
24.50± 0.06 TRGB McConnachie et al. (2004)
24.69± 0.07 TRGB Tiede et al. (2004)
24.84± 0.10 TRGB U et al. (2009)
24.93± 0.11 FGLR 18.50 U et al. (2009)
24.92± 0.12 Eclipsing binary Bonanos et al. (2006)
Table 2.2: Stellar M33 distances and adopted LMC distances.
to no azimuthal variation across the disk within an uncertainty of 0.04 dex. They do
find, however, that small local variations are present and are associated with the spiral
arms.
Beat Cepheids
Beaulieu et al. (2006) found 5 beat Cepheids pulsating simultaneously in the funda-
mental and first overtone modes across M33 at different galactocentric radii. For each
beat Cepheid, they constrain their metallicity value through the use of stellar pulsa-
tion models that incorporate their observed pulsation periods and exploratory values
for effective temperature and metallicity. Cepheid models with known periods trace
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different paths through the mass-luminosity plane as their assigned metallicity and
effective temperature varies. If, at a given fixed metallicity and known periods, the
path of Cepheid model in the M − L plane intersects with the loci of known mass-
luminosity relations, the assigned metallicity is presumed to be true for that Cepheid
with those particular periods. This method is sensitive to the iron-group elements but
it is relatively insensitive to the abundance of of other metals and helium.
When these Cepheids are plotted on a Petersen diagram that is populated with known
beat Cepheids from the Milky Way and Magellenic Clouds, the M33 beat Cepheids
are indeed located where they are expected to be based on their computed metallicities
(see Figure 2.2). The metal-poor M33 beat Cepheids (A and B) are aligned with those
in the SMC, and the more metal-rich ones (C, D and E) with those of the LMC and
Milky Way.
Figure 2.2: Petersen diagram with beat Cepheids from the Milky Way (triangles), Large Mag-
ellanic Cloud (stars), Small Magellanic Cloud (open circles) and M33 (filled circles). Figure
from Beaulieu et al. (2006).
Those 5 beat Cepheids with known metallicities are located at various distances from
the centre of M33, from which Beaulieu et al. (2006) determine a metallicity gradient
of d[Z]/dρ = −0.20 dex/kpc (where ρ is galactocentric radius and [Z] is the relative
abundance of the iron-group elements compared to that of the Sun, i.e., log(Z/Z)).
However, this gradient value is suspected to be erroneous. The original deprojection of
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the Cepheids’ distances was performed with what was stated to be an assumed distance
of 840 kpc to M33; no values for the position angle and inclination angle for M33 were
given. If the reported celestial positions of the 5 Cepheids are now deprojected with a
distance of 840 kpc, an inclination angle of 53◦ and a position angle of 22◦, there are
clear inconsistencies between these new radii and those reported in their paper. The
new galactocentric radii of the 5 Cepheids determined here are all larger than the radii
given by Beaulieu et al. (2006) (see Figure 2.3).
If, instead, the deprojection is performed with a much smaller distance of 540 kpc to
M33 but with the same galactic orientation angles, the new galactocentric radii are
very consistent with those reported by Beaulieu et al. (2006). It seems likely that
the original deprojection for the 5 beat Cepheids’ positions suffered an unfortunate
miscalculation which would then have propagated to their metallicity gradient values.
A redetermination of the galactocentric radii at a distance of 840 kpc yields larger
radial distances and, therefore, a shallower metallicity gradient (see Figure 2.4). By
applying linear regression to the updated data, a new metallicity gradient of d[Z]/dρ =
−0.112 dex/kpc is found and is appended to Table 2.3.
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Figure 2.3: Left: Deprojected galactocentric radii of 5 beat Cepheids assuming a distance of
840 kpc against the radii reported by Beaulieu et al. (2006). Right: Same as the left plot but with
an assumed M33 distance of 540 kpc. The dotted lines in both plots mark the locus of identical
radii. Note that in both plots, the bottom-left circle is actually two data points representing two
Cepheids with very similar angular distances from the galactic centre.
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Figure 2.4: The red points represent the original data in Beaulieu et al. (2006). The black points
represent the same data but with updated deprojected radii. Dotted lines are fits to the data and
represent the metallicity gradients.
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Metal Gradient Central abundance Tracer Distance used Source
(dex/kpc) (dex) (kpc)
12+[O/H] −0.127± 0.011 9.08 HII regions 700 Zaritsky et al. (1994)
12+[O/H] −0.11± 0.02 8.87 HII regions 840 Garnett et al. (1997)
12+[Ne/H] −0.034± 0.015 HII regions 832 Willner and Nelson-Patel (2002)
12+[Ne/H] −0.016± 0.017 7.7 HII regions 832 Crockett et al. (2006)
12+[O/H] −0.012± 0.011 8.4 HII regions 832 Crockett et al. (2006)
12+[O/H] (−0.19± 0.08)R<3 kpc,
(−0.038± 0.015)R>3 kpc 8.95± 0.13 HII regions 840 Magrini et al. (2007)
12+[O/H] −0.05± 0.01 8.60± 0.05 HII regions 840 Viironen et al. (2007)
12+[O/H] −0.027± 0.012 8.36± 0.04 HII regions 840 Rosolowsky and Simon (2008)
[α/H] −0.025± 0.006 HII regions + PNe 840 Bresolin et al. (2010)
[O/H] (−0.044± 0.009)1<R<8 kpc HII regions 840 Magrini et al. (2010)
12+[O/H] −0.033± 0.005 HII regions 840 Bresolin (2011b)
12+[O/H] −0.024± 0.007 HII regions 840 Magrini et al. (2016)
12+[O/H] −0.024± 0.004R<8 kpc 8.41± 0.11 HII regions 878 Lin et al. (2017)
12+[O/H] −0.031± 0.013 Planetary nebulae 840 Magrini et al. (2009)
12+[O/H] −0.16± 0.06 Blue supergiants ∼967 Monteverde et al. (1997)
12+[O/H] −0.06± 0.02 8.81± 0.11 Blue supergiants 820 Urbaneja et al. (2005)
[Z] −0.07± 0.01 0.09± 0.04 Blue supergiants 968 U et al. (2009)
[Fe/H] (−0.078± 0.003)R<9 kpc −0.77± 0.02 AGB stars 840 Cioni (2009)
[Fe/H] −0.07± 0.01 −0.48± 0.04 RGB stars 916 Kim et al. (2002)
[Fe/H] −0.07± 0.01 −0.48± 0.04 RGB stars 867 Tiede et al. (2004)
[Z] (−0.2)R<3.5 kpc Beat Cepheids 840(?) Beaulieu et al. (2006)
12+[O/H] (−0.16)R<3.5 kpc Beat Cepheids 840(?) Beaulieu et al. (2006)
[Z] (−0.112)R<5.7 kpc Beat Cepheids 840 Beaulieu et al. (2006)
Table 2.3: A list of M33 metallicity gradient measurements in the literature, including the type of metallicity that is measured, the tracer that was used,
and the adopted distance to M33.
Chapter 3
Photometry and calibration
3.1 Image data
3.1.1 CFHT images
Deep images of M33 have been taken through Sloan-like filters g′, r′ and i′, and
cover the whole galaxy over many epochs. The images were obtained by Hartman
et al. (2006) using the MegaCam instrument at the Canada–France–Hawaii Telescope
(CFHT) on 27 separate nights as part of a variability survey spanning 17 months. The
MegaCam detector comprises a mosaic of 9× 4 operational 2048× 4612 pixel CCDs
at a scale of 0.185 arcsecond/pixel. This configuration allows each pointing to cover
∼ 1 degree2 of the sky, encompassing the entire disk of the galaxy.
Analysis with image subtraction techniques have been performed on the frames by
Hartman et al. to detect variable sources and to create their corresponding light curves
(see Figure 3.1 for example light curves). Their magnitude calibrations were rudi-
mentary with only zero-point terms, and may differ from the standard by a few tenths
of a magnitude, depending on colour. They therefore recommended that these mag-
nitudes should be treated as being instrumental. Over 36000 variable objects have
been detected, more than 2000 of which were classified as Cepheids by their being
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located within the instability strip and by their conformity to a period-luminosity rela-
tion. Catalogues of the variable objects were made publicly available1. A sample of
the catalogue of fundamental mode Cepheids is presented in Table 3.1.
Figure 3.1: Example Sloan-band Cepheid light curves. Open blue triangles are g′ observations,
filled green circles are r′, and red crosses are i′. Figure from Hartman et al. (2006).
1http://www.astro.ljmu.ac.uk/˜dfb/M33/
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NumEt RA DEC Perd1 Perd2 Perd3 MeanMag MaxAoV Sigma NbMes R0 R1 Phi1 R21 Phi21 DR21 DPhi21 R31 Phi31 DR31 DPhi31 RA deg DEC deg
20016 01:35:09.31 +31:05:43.6 2.30915 4.61847 1.75493 22.102 10.829 0.281 31 22.256 0.345 0.945 0.436 3.901 0.091 0.250 0.184 2.190 0.822 1.508 23.7887916666 31.0954444444
20019 01:35:09.69 +31:05:21.5 2.81125 1.90174 1.54568 22.288 16.754 0.195 31 22.292 0.205 -0.587 0.411 4.400 0.066 0.148 0.319 2.764 1.122 2.260 23.7903749999 31.0893055555
20020 01:35:09.71 +31:00:30.5 2.05397 4.10803 1.93805 22.378 15.091 0.288 31 22.393 0.324 2.291 0.576 3.904 0.052 0.119 0.274 1.362 0.693 1.046 23.7904583333 31.0084722222
20024 01:35:10.30 +30:56:17.4 3.94455 1.33469 7.8838 21.658 20.512 0.138 31 21.665 0.166 -0.070 0.331 4.286 0.065 0.213 0.209 2.506 1.122 4.771 23.7929166666 30.9381666666
20029 01:35:10.52 +31:05:15.0 2.30283 1.75843 4.63085 22.226 11.488 0.249 31 22.284 0.278 1.852 0.565 4.166 0.089 0.186 0.306 2.494 0.851 0.647 23.7938333333 31.0875000000
20045 01:35:12.39 +30:59:04.3 10.3426 2.71067 2.46307 20.757 12.562 0.203 31 20.846 0.326 -2.698 0.332 5.097 0.056 0.157 0.157 3.591 0.856 1.212 23.8016249999 30.9845277777
20083 01:35:16.51 +31:04:21.9 4.10030 1.31772 1.60447 21.625 34.249 0.249 31 21.558 0.320 1.819 0.442 4.171 0.041 0.141 0.123 2.272 0.820 0.919 23.8187916666 31.0727500000
20097 01:35:18.12 +31:05:18.2 2.27004 1.77850 4.53915 22.397 28.857 0.238 31 22.394 0.270 2.004 0.457 4.025 0.054 0.172 0.253 2.231 1.053 1.731 23.8255000000 31.0883888888
20099 01:35:18.19 +31:03:04.2 2.80549 1.55319 1.46920 22.341 11.284 0.118 31 22.323 0.145 2.807 0.419 4.363 0.097 0.275 0.202 2.168 1.899 4.063 23.8257916666 31.0511666666
20128 01:35:23.33 +31:02:29.9 3.27782 1.43368 6.55255 22.107 23.292 0.158 31 22.134 0.212 -2.262 0.487 4.623 0.064 0.187 0.243 3.149 0.674 5.112 23.8472083333 31.0416388888
20169 01:35:30.87 +30:58:05.9 2.48647 4.97248 1.66497 22.305 35.316 0.287 31 22.344 0.288 -0.702 0.610 4.245 0.042 0.105 0.338 2.514 0.432 2.937 23.8786250000 30.9683055555
20172 01:35:32.14 +31:02:50.9 2.23696 4.44909 1.80788 22.375 17.177 0.285 31 22.331 0.355 0.315 0.353 3.985 0.074 0.216 0.289 1.942 0.193 2.420 23.8839166666 31.0474722222
30006 01:34:37.30 +30:58:22.6 3.89166 1.34089 3.40322 21.708 26.923 0.334 31 21.765 0.351 -0.539 0.404 4.236 0.052 0.166 0.328 2.319 0.464 1.673 23.6554166666 30.9729444444
30013 01:34:37.53 +31:04:21.9 2.63878 1.60983 3.13000 22.368 14.801 0.237 31 22.362 0.293 -2.404 0.455 4.140 0.085 0.230 0.351 2.606 0.977 0.427 23.6563749999 31.0727500000
30018 01:34:37.81 +31:07:18.0 2.94302 5.88595 1.58979 22.294 13.481 0.124 31 22.310 0.156 0.097 0.230 5.926 0.109 0.482 0.134 3.43 0.931 10.626 23.6575416666 31.1216666666
30023 01:34:38.15 +30:55:53.3 2.60813 1.61480 5.21546 21.913 29.517 0.114 31 21.950 0.154 -1.245 0.055 3.697 0.039 0.694 0.075 4.124 0.709 22.954 23.6589583333 30.9314722222
30029 01:34:38.82 +31:01:41.9 8.60368 1.12786 2.16592 20.877 39.351 0.143 31 20.851 0.172 0.116 0.402 5.136 0.033 0.112 0.135 3.839 1.565 6.703 23.6617500000 31.0283055555
30035 01:34:38.97 +31:04:29.4 3.18205 2.90695 1.45789 21.880 22.998 0.240 31 21.794 0.333 -1.092 0.504 4.054 0.042 0.114 0.246 2.033 0.705 0.992 23.6623749999 31.0748333333
30044 01:34:39.35 +30:58:40.1 2.62828 1.60751 3.89333 22.394 16.788 0.308 31 22.461 0.325 -2.733 0.468 4.398 0.080 0.203 0.364 2.518 0.496 1.982 23.6639583333 30.9778055555
30047 01:34:39.41 +31:03:35.9 2.16583 1.84791 4.33356 22.420 33.544 0.250 31 22.507 0.264 1.243 0.458 4.142 0.057 0.172 0.189 2.087 0.585 6.104 23.6642083333 31.0599722222
30059 01:34:39.80 +30:56:18.8 2.75777 1.56204 1.15676 22.299 18.765 0.160 31 22.258 0.198 -2.353 0.368 4.361 0.065 0.245 0.121 2.191 1.415 1.922 23.6658333333 30.9385555555
30063 01:34:39.87 +31:06:50.0 2.74005 1.56829 1.56829 22.044 37.915 0.248 31 22.042 0.304 -2.360 0.474 4.197 0.033 0.089 0.234 2.305 0.820 0.271 23.6661250000 31.1138888888
30066 01:34:39.88 +31:04:29.5 2.58405 1.63143 1.43934 22.235 20.649 0.189 31 22.297 0.220 2.720 0.569 4.309 0.075 0.176 0.222 2.553 1.305 1.735 23.6661666666 31.0748611111
30073 01:34:40.07 +31:07:33.0 3.09878 1.47052 6.19723 21.939 34.760 0.291 31 21.910 0.328 1.700 0.447 4.157 0.070 0.213 0.319 2.579 0.994 0.627 23.6669583333 31.1258333333
30075 01:34:40.12 +30:59:05.6 3.14797 1.45977 1.81314 21.599 7.7750 0.210 31 21.602 0.206 -2.966 0.649 4.355 0.076 0.157 0.521 1.890 1.101 2.398 23.6671666666 30.9848888888
30076 01:34:40.26 +31:05:26.8 1.61462 4.24089 2.62446 22.714 18.335 0.202 31 22.705 0.205 -1.151 0.628 3.835 0.124 0.265 0.354 2.060 1.336 0.817 23.6677499999 31.0907777777
30081 01:34:40.58 +31:08:36.8 1.96763 1.96763 2.4696 22.415 21.246 0.301 31 22.395 0.318 -0.223 0.561 4.086 0.065 0.149 0.256 2.214 0.779 0.299 23.6690833333 31.1435555555
30088 01:34:40.80 +31:06:49.3 2.28268 1.77869 4.5657 22.078 20.389 0.263 31 22.101 0.304 -1.815 0.450 4.253 0.062 0.173 0.245 1.841 0.431 3.523 23.6699999999 31.1136944444
30090 01:34:40.84 +31:06:43.9 3.66939 7.33906 4.1933 21.964 11.870 0.117 31 21.985 0.154 2.831 0.385 4.395 0.067 0.213 0.177 2.340 1.775 1.684 23.6701666666 31.1121944444
30101 01:34:41.61 +31:08:43.8 2.08176 1.34833 3.8267 22.395 21.323 0.221 31 22.339 0.291 -0.923 0.422 4.110 0.066 0.194 0.149 2.020 0.737 5.304 23.6733750000 31.1455000000
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
Table 3.1: Sample of the fundamental mode Cepheid catalogue by Hartman et al. The J2000 celestial coordinates are stored under the RA/DEC columns,
(most likely) periods are under Perd1, and mean instrumental r′-band magnitudes under MeanMag. Fourier parameters are also available.
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Deep median stacks were created using the best-seeing images from the three filters
with the MegaPipe Pipeline (Gwyn, 2008). Figure 3.2 shows the median stack in the
r′ band. Table 3.2 lists the number of input frames and quality for each stacked image.
Filter Frames Image quality (arcsec)
g′ 17 0.88
r′ 15 0.85
i′ 17 0.74
Table 3.2: Number of input frames and resulting image quality for each CFHT stacked image.
Figure 3.2: Stacked sky-subtracted, r′-band CFHT image of M33.
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3.1.2 INT images
Additional images of the galaxy were taken by V. Scowcroft in October 2008 with the
Wide Field Camera (WFC) at the Isaac Newton Telescope (INT) with filters similar to
the ones used by Hartman et al. at the CFHT facility. The WFC detector comprises
four CCDs, each with a pixel count of 2048×4100 at a scale of 0.333 arcsecond/pixel.
The chip configuration provides a field of view of ∼ 0.3 degree2. In the same ob-
serving run, observations were made of the Sloan Digital Sky Survey (SDSS) Stripe
82 Region to provide standard stars for calibration purposes. On a separate observing
session, around 50 r′-band images of M33 were taken with the aim of identifying and
analysing double-mode Cepheids. The debiasing and flat-fielding of the INT images
were achieved with the IRAF CCDPROC packages.
Stacks of the INT images were created and provided by L. Short (priv. comm.) and
will hereafter be referred to as the LS stacks.
Figure 3.3 shows the respective CCD configurations for CFHT’s MegaCam and INT’s
WFC.
Figure 3.3: Left: Configuration of the CFHT MegaCam chips. Right: Configuration of the INT
WFC chips.
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3.2 PSF photometry
This section describes the procedure taken to acquire instrumental stellar magnitudes
from the CFHT and INT images of M33.
The disk of the galaxy shows substantial levels of stellar crowding where the profiles
of neighbouring stars are in close proximity or overlap, rendering aperture photom-
etry unsuitable for acquiring accurate magnitudes. An aperture centred on a source
is likely to pick up extraneous flux from neighbouring sources, thereby overestimat-
ing the brightness of the star being measured. Furthermore, estimating the sky value
around the source would be unfeasible as the sky annulus itself can be substantially
contaminated with stellar flux from neighbours. To mitigate the effects of crowding,
point spread function (PSF) fitting photometry is used instead of solely aperture pho-
tometry.
Stars are sufficiently far away that they are effectively point sources of light. Atmo-
spheric effects and the optics of the telescope will act to smear out the light before it
reaches the CCD. The extended image of a star on the CCD (referred to as the PSF) is
roughly Gaussian in appearance and its profile is reflective of the distortions encoun-
tered along its path. The profile can vary with position, time and filter.
PSF photometry relies on measuring the flux from a source through a small aperture
and on creating a model of the stellar profile on the CCD (i.e., PSF modelling). The
PSF model is fitted against the detected sources and scaled to match the flux mea-
surements to acquire PSF magnitudes. The main advantage PSF photometry has over
aperture photometry is that multiple sources can be fitted and measured simultane-
ously; the profiles of stars in close apparent proximity can be disentangled from one
another, lessening the effects of flux contamination.
Instrumental photometry of the CFHT and INT images was undertaken with the pho-
tometry software packages Source Extractor (SExtractor; Bertin and Arnouts 1996)
and PSF Extractor (PSFEx; Bertin 2011) with configuration files suitably modified for
each set of images. The order of operations to acquire PSF magnitudes with these
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software programs is:
1. Create a catalogue of small-aperture magnitudes of detected sources in the image
with SExtractor.
2. Use PSFEx to build a (variable) PSF model using the output catalogue from the
previous step as input.
3. Use the PSF model from PSFEx as an input for a second pass of SExtractor over
the image to measure PSF-fitted magnitudes.
The SExtractor+PSFEx software suite were chosen over the PSF photometry appli-
cations DAOPHOT (Stetson, 1987) and ALLSTAR (Stetson, 1994) which have been
traditionally used for crowded stellar fields for a variety of reasons:
1. SExtractor+PSFEx offers a finer level of control over the parameters governing
the detection, extraction and fitting procedures.
2. It outputs a considerably greater number of useful parameters concerning stellar
properties and effectiveness of the detection and extraction procedures.
3. It can generate useful diagnostic files concerning the input images and its flux
sources such as a map of the measured stellar FWHM over the image.
4. It offers a multitude of file formats for the output catalogues, including formats
that allows the catalogues to be readily viewed and manipulated using software
like Python and TOPCAT (Tool for Operations on Catalogues And Tables, Taylor
2005).
5. It is able to go deeper by∼ 2 magnitudes in theB band than DAOPHOT+ALLSTAR
while still being able to separate stars and background galaxies (Annunziatella
et al., 2013).
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3.2.1 SExtractor+PSFEx procedure
SExtractor identifies and performs aperture photometry on point-like and extended
sources in astronomical images, producing a catalogue of various parameters. The
aperture photometry procedure of SExtractor follows these steps: (1) a model of the
background is created and subtracted from the image, (2) the image is filtered with an
input convolution kernel, (3) thresholding and segmentation of the image is performed
to detect sources, (4) composite objects are deblended, and finally (5) the fluxes from
the sources are measured.
Background estimation SExtractor makes an initial pass through the pixel data
of the image and calculates a local background value for each cell in a generated mesh
covering the image. The background value is calculated by first iteratively clipping the
background histogram until a convergence of ±3σ around its median is reached, then
by taking the mean of the final histogram. If σ changes by more than 20% during the
clipping procedure, the field is considered to be crowded, and a “mode” is taken as the
estimate background value. The “mode” in this case is calculated as
mode = 2.5×median− 1.5×mean (3.1)
A median filter is then applied to compensate for overestimates due to potential bright
stars. By applying a bicubic-spline interpolation to the filtered mesh, a background
map is created. Figure 3.4 shows a subregion of the CFHT r′-band stack and its corre-
sponding background map.
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Figure 3.4: Left: 1000 × 2000 pixel subregion of the CFHT r′-band stack. Right: Background
map of the subimage.
The background value for each detected source is then simply the value from the back-
ground map at the source’s centroid. A rectangular annulus around a source can then
be toggled on to calculate a local correction to the initial background value.
Image filtering To aid the detection of sources in an image, a filter can be ap-
plied. Bundled with SExtractor are various convolution kernels suited for aiding the de-
tection of various object types in various environments. The crowded nature of the M33
images and seeing of FWHM ' 5 pixels makes the mexhat_5.0_11x11.conv
(see Figure 3.5) well suited for the task.
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Figure 3.5: SExtractor’s Mexican hat kernel.
Thresholding and segmentation Every pixel with a value above a certain thresh-
old is considered to be part of an object. The threshold is set to either some value
relative to the background RMS or to an absolute value.
A contiguous group of pixels above the threshold may represent the profile of a single
object — be it a star or galaxy — or may be several objects in close proximity with
overlapping profiles. Each of these pixel groups are considered segments of the image.
SExtractor attempts to separate these segments into their overlapping constituents with
a deblending procedure.
Deblending For each group of adjacent pixels, SExtractor constructs a tree with
each branch occurring at each saddle point (see Figure 3.6). Each branch is considered
to be a separate object when the following conditions are met: (1) the branch contains
more than a certain fraction of the total number of counts from the contiguous group
of pixels, and (2) there is at least one other branch meeting the same fractional criteria
that is also at the same level.
Magnitude measurements SExtractor offers various types of magnitude mea-
surements. Most — but not all — are discussed in detail in the documentation; for
brevity, only fixed-aperture, growth, and PSF-fitting flux measuring methods will be
discussed here as these magnitudes were used in this work.
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Figure 3.6: SExtractor’s deblending procedure. Two components labelled A and B are found
in this segment.
For fixed-aperture, the user defines the aperture size(s) in the configuration file and
SExtractor measures the total flux in a circular aperture centred on a detected source.
The growth magnitude is a magnitude measured through a circular aperture whose
size is automatically adjusted on a source-by-source basis, depending on the FWHM
of the source being measured. The radius is defined as the greater of the following
two values: 3 times the source’s major axis of the RMS light distribution or the first
“PHOT AUTOAPERS” parameter in the configuration file.
SExtractor currently does not natively support PSF-fitting photometry by itself. The
companion tool PSFEx is required for this purpose. PSFEx identifies objects in the
first SExtractor catalogue of aperture magnitudes that are likely to be point sources.
A subsample of point-like sources is then selected based on their characteristics to
construct a PSF model; objects with too low signal-to-noise, too high ellipticity, etc.
are discarded during the PSF model-building procedure. The final sample of stars is
ideally distributed across the entire image so that position-dependent variations are
properly traced. The PSF is modelled as a combination of basis vectors in the form
of small images. Figure 3.7 shows a collection of stars chosen by PSFEx for PSF
modelling and the residuals after subtracting the model. Figure 3.8 shows a grid of how
a PSF model varies across an image. Figure 3.9 shows a stack subimage, a computed
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model of the stars in that image, and the residuals after model subtraction.
The output PSF model and the image from which it was built are then fed into SEx-
tractor for a second pass. From this second pass of SExtractor with a PSF model, new
output parameters based on PSF fitting become available; these include PSF magni-
tudes and PSF positions. Multiple neighbouring sources can be fitted simultaneously
with the PSF model to alleviate the effects of crowding, providing more robust magni-
tude measurements.
SExtractor provides a flag value for each measured object to indicate warnings dur-
ing the magnitude measurement procedure. Warnings include the presence of bright
neighbours that may bias aperture photometry and the blending2 of the measured star
with another object. Flag values are provided as sums of powers of 2 and each power
of 2 represents a different warning. For example, a flag value of 1 indicates that the
measured object has neighbours that are bright and close enough to bias photometry
using an “automatic” aperture size or if the object profile contains bad pixels. A flag
value of 2 means the object was originally blended with another object. A flag value
of 3 = 2 + 1 would therefore mean the object was originally blended and has bright
neighbours and/or bad pixels.
For every instance of PSF photometry on CFHT and LS stacks, SExtractor’s double
image mode was invoked. In double image mode, one image is used to identify the
positions of the sources while the flux measurements are carried out on the other im-
age at those same positions. This mode requires that the two images have the same
dimensions and are registered so that the sources lie at the same pixel coordinates. The
r′-band images were used as the detection image for their respective image sets as they
go deeper and have better signal-to-noise than the other two filters.
2What SExtractor refers to as blending is the overlapping of stellar profiles even if the individual
stars are separated by a distance greater than the Rayleigh Criterion and are therefore resolvable.
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Figure 3.7: Top: Stars chosen by PSFEx for PSF modelling. Bottom: Residuals after fitting
PSF stars with constructed PSF model. Images are on the same scale.
Figure 3.8: Grid of a position-dependent PSF model produced by PSFEx at various locations.
The PSFs at the corners are magnified to illustrate the variation of the model across the field.
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Figure 3.9: Top left: Sample image. Top right: Computed PSF models of the detected sources.
Bottom left: Residual image after subtracting the PSF models from the original image.
The three CFHT stacked images are ∼ 20000 × 20000 pixels in size. Performing
aperture and PSF-fitting photometry on an entire image would be computationally de-
manding. To alleviate this issue, each of the CFHT stacks is split into 16 subimages
of size ∼ 5500 × 5500 pixels. The subimages overlap with each adjacent subimage
by ∼ 500 × 5500 pixels. This was done to enable the direct comparison of measured
PSF magnitudes of the same stars from two different subimages with the aim of iden-
tifying the presence of any systematic or differential inconsistencies. The total number
of stars detected during the aperture photometry phase and the number of stars cho-
sen for the PSF modelling procedure are shown for each subimage and filter in Figure
3.10. Figure 3.11 shows the difference in measured PSF magnitudes for the same stars
in the overlapping region between two r′-band subimages; the mean difference here
is 0.0004 mag with a standard deviation of 0.074 mag. All other comparisons yield
similarly acceptable results.
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Figure 3.10: In each square subimage, the number of stars detected during aperture photometry
and the number of those stars that were automatically chosen for PSF modelling are respec-
tively listed as the unbracketed and bracketed values. Green values represent the counts in the
g′ filter, red for r′, and orange for i′. The overlapping configuration of the subimages is not
shown for clarity.
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Figure 3.11: Comparison of measured PSF magnitudes for the same stars from the overlapping
region of two adjacent r′-band subimages.
3.2.2 Aperture corrections
A caveat of PSF photometry is that it outputs relative magnitude values. It is necessary
to bring the relative PSF magnitudes to a common instrumental photometric system
with an aperture correction. This is usually achieved by measuring the magnitudes of
bright, unsaturated and isolated stars through a large aperture to capture most if not all
of the stellar flux and by determining the offset between the PSF and large-aperture
magnitudes. Given that the images in the data set may not have stars that satisfy these
criteria due to crowding, a slightly different approach was taken.
SExtractor has the ability to mask out nearby objects during the aperture photometry
of a source to reduce flux contamination, a particular advantage in crowded fields.
For the large aperture photometry step, SExtractor’s growth magnitude is used as it
yielded more consistent magnitudes for the same stars imaged during different epochs
than straightforward fixed-aperture photometry.
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3.3 Calibration
For the magnitude data to be scientifically viable and for meaningful comparisons to
be made, it is necessary to calibrate them to a standard photometric system.
The images in this work have been taken through Sloan-like g′, r′, and i′ filters at the
CFHT and INT. As shown in Figure 3.12, the transmission profiles of the filters at these
facilities do not match the SDSS system exactly. This introduces systematic errors in
the measured magnitudes of stars as the slight differences in filter transmission results
in slight differences in the sampling of a star’s spectral energy distribution. These
errors can manifest themselves as a colour-dependent parameter.
Figure 3.12: Filter curves from INT (short dashed lines), CFHT (long dashed lines) and SDSS
(solid lines). The quantum efficiency of the CCDs at each facility and atmospheric effects (not
shown here) impart additional variations.
The Earth’s atmosphere acts to attenuate the light from celestial sources — the greater
the path length through the atmosphere, the greater the attenuation. Over the course
of an observation run on a given night, the sources being imaged will occupy different
positions in the sky. For celestial sources observed closer to the horizon, more atmo-
sphere is present along the line of sight than if the source were near zenith, resulting
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in higher extinction. The path length through the atmosphere is known as the air mass
and is a key parameter in the calibration of the instrumental INT data.
For the calibration procedure, Image Reduction and Analysis Facility (IRAF) software
packages were used.
3.3.1 INT
The SDSS Stripe 82 region covers an area of ∼ 300 degree2 on the celestial equator
that has been repeatedly observed in the Sloan ugriz filters (Jiang et al., 2014). A
catalogue of Sloan magnitudes, sky positions and other parameters for the observed
stars in this region was requested and downloaded from the SDSS website3.
The SDSS Stripe 82 catalogue stars were matched on the basis of sky position with the
INT-observed stars in order to create solutions to transform instrumental magnitudes
to the standard system. The solutions for each chip and filter initially took the form
mInst = mSDSS + Zp + (k × l) + (c× Col) (3.2)
where mInst is the instrumental magnitude, mSDSS is the SDSS catalogue magnitude,
Zp is the zero point, l is the air mass4, Col is the colour index. For the calibration of g′
magnitudes, g′ − r′ colours were used. Both r′ and i′ calibrations used r′ − i′ colours.
During the initial calibrations, a radial dependence became apparent when compar-
ing the residuals between the “calibrated” INT magnitudes and the SDSS catalogue
magnitudes (see Figure 3.13). This radial dependence may be a symptom of a lack
of a position-dependent aperture correction. Position terms were then included in the
calibration solutions to account for this effect
mInst = mSDSS + Zp + (k × l) + (c× Col) + (d×X) + (e× Y ) (3.3)
3http://skyserver.sdss.org/dr12/en/home.aspx
4Air mass is usually represented with X .
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where X is the horizontal position of the star on the CCD and Y is the vertical.
The air mass coefficient k should — in theory — be identical for all chips in a given
filter as it is solely a measure of atmospheric extinction. Initial solutions show that
the value for k varies slightly between the chips. Various exploratory solutions were
determined for each chip with various fixed-k values. The quality of the solutions in
terms of RMS and reduced-χ were found to vary with the fixed-k values, while the
zero point term Zp changes with k to compensate for the resulting residuals. For each
filter, a value of k that produced minimal values for RMS and reduced-χ for all four
chips was chosen as the adopted value.
Figure 3.13: Stripe 82 stars that have their INT instrumental magnitudes calibrated are plotted
on their observed positions on the INT chips and are colour coded based on their SDSS− INT
magnitude residual. Bluer points have a more positive SDSS − INT magnitude residual, i.e.,
they are measured to be brighter. It is apparent that the further a star is from the focal point, the
larger the discrepancy between the SDSS and INT magnitudes.
With the solutions for the INT chips now finalised, the instrumental magnitudes of the
single-epoch INT M33 images were transformed to the standard system.
Photometry of the INT LS stacks revealed the presence of many more sources at dim-
mer magnitudes. The PSF magnitudes of the LS stacks were then calibrated against
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Filter Z k c d e RMS
Chip 1
g′ −30.411 0.166 −0.143 −0.589× 10−5 1.847× 10−5 0.034
r′ −30.053 0.089 −0.007 −2.524× 10−5 2.571× 10−5 0.027
i′ −29.593 0.056 −0.059 −3.365× 10−5 2.288× 10−5 0.032
Chip 2
g′ −30.063 0.166 −0.134 1.511× 10−5 −1.595× 10−5 0.036
r′ −29.722 0.089 0.001 2.990× 10−5 −1.667× 10−5 0.031
i′ −29.242 0.056 −0.067 2.382× 10−5 −2.453× 10−5 0.034
Chip 3
g′ −30.273 0.166 −0.147 −6.734× 10−5 2.628× 10−5 0.047
r′ −30.103 0.089 −0.005 0.155× 10−5 1.826× 10−5 0.027
i′ −29.683 0.056 −0.094 −0.804× 10−5 1.914× 10−5 0.028
Chip 4
g′ −30.207 0.166 −0.142 −0.155× 10−5 1.719× 10−5 0.028
r′ −29.902 0.089 0.001 0.212× 10−5 1.892× 10−5 0.027
i′ −29.500 0.056 −0.067 −1.842× 10−5 2.149× 10−5 0.030
Table 3.3: Calibration solutions for the INT chips.
the calibrated single-epoch M33 magnitudes.
From the LS stacks, ∼ 580, 000 objects were detected across the g′, r′, and i′ bands
and were catalogued. Colour-magnitude diagrams (CMDs) of the LS stack M33 stars
are presented in Figures 3.14 and 3.15. The main sequence is visible as the leftmost
vertical structure and the giant branch is located to the right in the two CMDs. It should
be noted that the CMDs have not been cleaned of foreground Milky Way stars.
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Figure 3.14: r′ versus g′ − r′ CMD using stars from the LS stack catalogue. Denser regions
are more violet.
Figure 3.15: i′ versus r′− i′ CMD using stars from the LS stack catalogue. Denser regions are
more violet.
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3.3.2 CFHT
The instrumental magnitudes of the deep CFHT stacks required calibration on a chip-
by-chip basis. Each of the input mosaic frames for each stacked image comprise 36
subimages from 36 CCDs that are not necessarily identical in their response. The stars
in the CFHT stacks were separated into 36 groups corresponding to the positions of
the 36 CCDs and were calibrated separately with the stacked INT image magnitudes
as reference.
The single-epoch g′ and i′ observations were dithered slightly such that there exists
certain regions on the stacks — or equivalently, certain regions of the sky — that have
been imaged on the same chip for all frames. Those regions cover a subsection of
every chip and are shown schematically in Figure 3.16. The chip-by-chip calibration
of the instrumental CFHT g′, r′, i′ magnitude data relied upon the stars imaged exclu-
sively on the same chip in all of the stacks’ input frames. This is to ensure that the
calibration solutions for each chip are not contaminated by magnitude data captured
by neighbouring chips. Figure 3.17 shows the regions in the g′-band stack where the
sky falls on the same chips in all input frames. From each chip subregion and filter, the
400 brightest stars were used for the calibration procedure.
g r i
Figure 3.16: For the three leftmost images, the relative positions of the chip boundaries show
the extent of the dithering in the three filters, and the shaded areas represent the chip subregions
that have imaged the same regions of sky for all frames. The rightmost image compares the
shaded regions for the three filters.
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Figure 3.17: Background: all stars detected across all filters in the CFHT stacks. Foreground:
regions of the sky that have been imaged by the same chips across all input frames and filters.
The calibration equation for the CFHT magnitudes for each chip is
mInst = mINT + Zp + (c× Col) + (d×X) + (e× Y ) (3.4)
where mInst is the instrumental CFHT magnitude, mINT is the calibrated INT magni-
tude, X is the horizontal position of the star on the CCD and Y is the vertical. Po-
sitional terms were included to account for spatial distortions that are present in such
wide-field CFHT images (Betoule et al., 2013). No airmass term is included as the
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stacks are composite images. The solution for each chip is listed in the Appendix. The
calibration solutions determined from the subregion for each chip are then applied to
the stars imaged on the entire chip.
The magnitudes of over 1.3 million stars are calibrated and catalogued along with other
parameters. CMDs are shown in Figures 3.18 and 3.19. This new CFHT catalogue
goes ∼ 1 magnitude deeper than the LS stack.
Figure 3.18: r′ versus g′−r′ CMD using stars from the CFHT stack catalogue. Denser regions
are more violet.
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Figure 3.19: i′ versus r′ − i′ CMD using stars from the CFHT stack catalogue. Denser regions
are more violet.
There is some SDSS data available for the outer regions of M33; Figure 3.20 shows
the availability of M33 star data in the SDSS dataset. Figure 3.21 shows magnitude
comparisons of that data with the calibrated CFHT stack and shows good agreement,
supporting the accuracy of the photometry and calibration procedures.
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Figure 3.20: Available SDSS data for M33. Coloured background points are CFHT stack stars
and foreground black points are stars in the SDSS reference catalogue. The majority of the
stars in the disc of M33 do not have SDSS data available.
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Figure 3.21: Comparison between the calibrated CFHT magnitudes in this study and magni-
tudes from the SDSS catalogue.
Chapter 4
Leavitt Laws
With calibrated magnitudes for stars in M33 now available, empirical Leavitt Laws
can be constructed for the galaxy to acquire a distance and to investigate the effects of
metallicity on Cepheids.
4.1 Identifying the Cepheids
The Hartman catalogue contains 2272 candidate Cepheids with their positions, periods,
instrumental mean r’-band magnitudes and other parameters. No attempts were made
in identifying additional Cepheids in M33 as the image data that were provided for
this project are either single epoch in nature or composite stacks. To identify which of
the stars in the CFHT M33 photometry catalogue are Cepheids, the Cepheid positions
and r′-band magnitudes from the Hartman catalogue were used as reference. While
Hartman et al. state that their magnitudes should be treated as being instrumental, they
should still be accurate to within a few tenths of a magnitude. The Cepheid matching
procedure is as follows:
1. For each Cepheid in the Hartman catalogue, stars in the calibrated CFHT pho-
tometry catalogue that are within 2 arcseconds of the Cepheid’s RA–Dec posi-
tion are identified and listed.
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2. If the list contains multiple CFHT stars, the star with the closest r′-band magni-
tude match is marked as a tentative CFHT Cepheid.
3. If the brightness difference between the tentative CFHT Cepheid and the refer-
ence Hartman Cepheid is less than 1 magnitude, a match is confirmed.
From the CFHT catalogue, 2060 stars were matched to the Hartman Cepheids.
An independent study of M33 by Pellerin and Macri (2011) in B, V, and I bands yielded
a sample of 564 Cepheids with well determined periods. Their Cepheid catalogue
contains a mix of both fundamental and overtone mode pulsators which is evident in
a period-luminosity plot (see Figure 4.1). To exclude the overtone mode Cepheids,
Cepheids with periods shorter than 8 days and with I-band magnitudes brighter by 0.5
mag than a fitted Leavitt Law of I = −2.979 logP + 23.07 are removed from the
catalogue. There are of course Cepheids in this catalogue that correspond to entries in
the Hartman Cepheid catalogue. Of the fundamental mode Cepheids that are present
in both catalogues, most of their reported periods are consistent with a mean difference
of 0.05%. Entries in the Pellerin & Macri catalogue that are within 2 arcseconds of any
Cepheid in the Hartman catalogue are removed. This leaves a pruned catalogue of an
additional 135 fundamental mode Cepheids.
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Figure 4.1: Period-luminosity plot of the 564 Cepheids from the Pellerin and Macri (2011)
catalogue. Blue points are presumed overtone mode Cepheids. Black points are the Cepheids
not present in the Hartman catalogue.
This supplementary sample of Cepheids exclusive to the Pellerin & Macri catalogue is
matched against the CFHT M33 photometry catalogue with a procedure similar to the
one used with the Hartman catalogue. The magnitude matching step compares I and i′
magnitudes as no r′-band data are available in the Pellerin & Macri Cepheid catalogue.
An additional 108 Cepheids are matched in this case. Combining the two catalogues
gives a collection of 2168 fundamental mode Cepheids with Sloan-band magnitudes
across M33. The spatial distribution of the Cepheids is shown in Figure 4.2 where an
association with the spiral arms is visible.
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Figure 4.2: Stars from the CFHT stack of M33 images are the small points. Matched Hartman
Cepheids are black circles. Matched Pellerin & Macri Cepheids are orange circles.
The quality of the calibrated magnitudes of the Cepheids can be assessed through
CMDs. In the r′ vs g′ − r′ CMD, the majority of Cepheids are located between the
two branches at g′ − r′ ≈ −0.2 mag and g′ − r′ ≈ 1.4 mag (see Figure 4.3). There are
Cepheids with anomalous g′− r′ colours that place them well beyond the blue and red
edges of the instability strip which are very approximately placed in Figure 4.3. The
blue edge is defined to be r′ = 22−10(g′−r′) and the red edge by r′ = 31−10(g′−r′).
By colouring the Cepheid data points according to their photometry flag values as re-
ported by SExtractor, a correspondence between anomalous colour and flag value is
hinted at (see Figure 4.4). It is likely that the photometry of these Cepheids has been
contaminated by stars that are sufficiently bright and close that PSF photometry has
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difficulty in disentangling them, yielding inaccurate magnitudes and therefore colours.
Figure 4.3: CMD of M33 stars (gray points), Cepheids with anomalous g′ − r′ colours (black
points) and Cepheids with acceptable g′ − r′ colours (magenta points). The blue and red lines
mark the approximate edges of the instability strip.
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Figure 4.4: CMD of Cepheids coloured by SExtractor flag value. Cepheids with questionable
g′ − r′ colours tend to have high FLAG values.
By excluding the Cepheids with anomalous g′ − r′ colours, a significantly smaller but
still substantial catalogue of 1587 Cepheids remains.
4.2 Deprojection
A change in the zero-point of the Leavitt Law translates directly into a change in the
Cepheid distance modulus µ = m −M . The variation in observed distance modulus
as a function of metallicity, γ = ∆µ/∆[Z], can be equivalently framed as the change
in the distance modulus as a function of galactocentric radius, assuming the slope of
the Leavitt Law does not also vary. Converting between the relations simply requires
a value for the metallicity gradient:
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γ =
∆µ
∆[Z]
=
∆µ
∆ρ
× ∆ρ
∆[Z]
(4.1)
where ρ is galactocentric radius.
γ is often referred to as the metallicity parameter or correction. Positive values for γ
correspond to Cepheids of higher metallicity being intrinsically dimmer, leading to an
increase in apparent distance moduli.
For now, galactocentric radius will be used as a proxy for metallicity; various metal-
licity gradient values will later be assessed.
Deprojecting the galactocentric angular distance into physical distances requires known
values for the distance to M33, its inclination and its position angle. Since many metal-
licity gradient studies are based on an assumed distance of 840 kpc to M33, that value
will be adopted here to maintain ease of comparability. From Table 2.1, an inclination
of 53◦ and a position angle of 22◦ are used.
Figure 4.5 shows the spatial distribution of the Cepheids colour-codes by their galac-
tocentric radius and Figure 4.6 shows the radial distribution of the Cepheids.
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Figure 4.5: Spatial distribution of Cepheids coloured by galactocentric radius.
0 1 2 3 4 5 6 7 8 9 10
ρ (kpc)
0
50
100
150
200
250
300
C
o
u
n
t
Figure 4.6: Radial distribution of Cepheids.
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4.3 Wesenheit magnitudes
For a star with measured magnitudes in two or more different filters, a new magnitude-
like quantity called the Wesenheit1 index or magnitude can be constructed where the
effects of extinction and reddening are negated (Madore, 1982). For example, with a
known value for the reddening law (ratio of total-to-selective extinction)
RVBV = AV /E(B − V ), and apparent B and V magnitudes, the Wesenheit magnitude
W VBV is defined as
W VBV = V −RVBV × (B − V )
= V0 + AV −RVBV × ((B − V )0 + E(B − V ))
= V0 + AV −RVBV × (B − V )0 −
AV
E(B − V ) × E(B − V )
= V0 −RVBV × (B − V )0
(4.2)
The Wesenheit magnitude W VBV is effectively reddening-independent despite being
composed of magnitudes and colours affected by reddening.
A reddening law of RVBV = 3.1 is typically adopted for photometric studies of M33
and is also used here with the implicit assumption that it remains constant across the
galaxy. With the magnitudes in the three Sloan filters, six Wesenheit magnitudes can be
constructed. For clarity, the apostrophes in the filter names will not be shown hereafter.
1German for “essence”.
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W ggi = g −Rggi × (g − i)
W rri = r −Rrri × (r − i)
W ggr = g −Rggr × (g − r)
W gri = g −Rgri × (r − i)
W rgi = r −Rrgi × (g − i)
W igr = i−Rigr × (g − r)
(4.3)
The six Sloan-band reddening parameter R values are determined using the parame-
terisation developed by Cardelli et al. (1989). With RVBV = 3.1, λg = 0.4686 µm,
λr = 0.6166 µm and λi = 0.7480 µm, extinction ratios between the gri and V filters
are calculated to be
Ag
AV
= 1.222
Ar
AV
= 0.880
Ai
AV
= 0.676
(4.4)
Figure 4.7 shows the variation of the extinction ratio as a function of wavelength.
With these ratios, the Sloan-band R values are: Rggi = 2.24, R
r
ri = 4.31, R
g
gr = 3.57,
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Rgri = 5.99, R
r
gi = 1.61, and R
i
gr = 1.97.
1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4
1/λ  (µm−1)
0.4
0.6
0.8
1.0
1.2
1.4
A
λ
/
A
V
g
r
i
Figure 4.7: Sloan-band extinction ratios with reddening law RVBV = 3.1.
4.4 Theoretical and semi-empirical Sloan-band Leavitt
Laws
Empirical determinations of the Leavitt Law have primarily been undertaken through
the Johnson-Cousins BVRIJK filters. With the steadily increasing presence of wide-
band studies using Sloan filters, the characterisation of Cepheids in such filters is
crucial. With this motivation, Ngeow and Kanbur (2007) developed semi-empirical
Sloan-band Leavitt Laws while theoretical Laws were created by Di Criscienzo et al.
(2013).
Ngeow and Kanbur (2007) took a sample of LMC Cepheids in the period range 0.4 <
logP < 1.8 with BVI magnitudes from the OGLE database (Udalski et al., 1999) and
applied bolometric corrections to acquire bolometric magnitudes. Sloan-band bolo-
metric corrections were then computed and applied to the bolometric magnitudes to
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arrive at semi-empirical ugriz magnitudes. With these new magnitudes, they derived
semi-empirical Sloan-band Leavitt Laws which are reproduced here in Table 4.1.
Di Criscienzo et al. (2013), with non-linear convective stellar pulsation models from
Bono et al. (2002) and references therein, determined theoretical bolometric light
curves, effective temperatures and static luminosities of Cepheid models of a range
of masses, periods and metallicities. These predicted quantities were transformed into
the SDSS bands with model atmospheres and SDSS transmission functions; intensity-
averaged mean magnitudes in the Sloan bands for Cepheids at Milky Way, LMC and
SMC metallicities were then acquired. For each ugriz filter and metallicity, various
theoretical Leavitt Law slopes were determined by selecting Cepheids in various pe-
riod ranges. The theoretical Leavitt Law slopes for Cepheids at LMC metallicity
(Z = 0.008) and with periods logP < 1.5 are reproduced here in Table 4.1.
Band Slope Zero-point σ
u −1.981± 0.046 18.195± 0.035 0.338
g −2.518± 0.036 17.165± 0.027 0.262
Semi-empirical r −2.819± 0.027 17.027± 0.020 0.193
i −2.928± 0.023 17.032± 0.018 0.171
z −3.007± 0.022 17.064± 0.017 0.160
u −2.498± 0.015
g −2.855± 0.012
Theoretical r −3.056± 0.009
i −3.137± 0.008
z −3.192± 0.007
Table 4.1: Semi-empirical Sloan-band Leavitt Laws for LMC Cepheids from Ngeow and Kan-
bur (2007) and theoretical Sloan-band Leavitt Law slopes from Di Criscienzo et al. (2013).
4.5 Empirical Leavitt Laws and the distance to M33
A “true” distance modulus and an E(B − V ) reddening value for M33 can be in-
ferred by creating Leavitt Laws from a sample of Cepheids in M33 with metallicities
similar to that of the LMC. By using M33 Cepheids with LMC metallicity, potential
differences in magnitudes caused by differing metallicity are negated.
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Because of the finite temperature width of the instability strip and uncertainties in the
photometry and calibration procedures, there will be an intrinsic scatter in the period-
luminosity plots. The linear regression algorithm developed by Akritas and Bershady
(1996) is used to determine the slopes and zero-points of the Leavitt Laws. This al-
gorithm is built upon the ordinary least squares method and allows for measurement
errors on both the dependent and independent variables, permits a dependency be-
tween the errors on the two variables, allows the size of the errors to depend on the
measurements themselves, and incorporates the intrinsic scatter of the data, making it
well suited for this study. For this work, the fitting algorithm has been modified to also
fit with a pre-determined slope if necessary. The accuracy of the non-empirical Leav-
itt Laws will be assessed through comparisons with fitted empirical period-luminosity
relations.
4.5.1 The [Z] = [Z]LMC Cepheid Sample
From their study of blue supergiant (BSG) star spectra to acquire iron and magnesium
abundances, Urbaneja et al. (2017) obtained an LMC metallicity of [Z]LMC = −0.35±
0.09 dex. For the sake of consistency in metallicity tracer (BSG stars) and measure
([Z]), a metallicity gradient for M33 derived from BSG stars of d[Z]/dρ = −0.082 ±
0.010 dex/kpc from U et al. (2009) is adopted (after rescaling from their acquired M33
distance of 968 kpc to 840 kpc). Their central abundance of [Z] = 0.09 ± 0.04 dex is
also used. U et al. (2009) determined the abundance of heavy elements such as iron
and titanium for the majority (late B and early A supergiants) of their BSG sample
while for the early B supergiants, they obtained an average of the oxygen, magnesium
and silicon abundances.
The galactocentric radius at which the heavy metal abundance of M33 is similar to the
LMC is ρZ(LMC) = 5.37± 0.61 kpc (see Figure 4.8). Within this radial range, there are
320 Cepheids.
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Figure 4.8: The metallicity gradient of M33 is represented with the red line (U et al., 2009), the
metallicity of the LMC with the magenta line (Urbaneja et al., 2017), and the galactocentric
radial range where the two overlap with the grey line.
One way to gauge the similarity of the [Z] = [Z]LMC sample of M33 Cepheids with
that of the LMC Cepheids themselves is to compare the distribution of pulsation am-
plitudes. Szabados and Klagyivik (2012) demonstrated the existence of a weak rela-
tionship between pulsation amplitude and [Fe/H] metallicity; expressed qualitatively,
they find that metal-poor Cepheids possess larger amplitudes of pulsation. This ef-
fect is strongest for Cepheids pulsating in the first overtone mode and for short-period
(logP < 1.02) Cepheids pulsating in the fundamental mode.
A true comparison of Cepheid amplitude distributions for the LMC and M33 requires
the amplitudes from the two systems to be measured through the same filter since ob-
served pulsation amplitudes are wavelength dependent. If the [Z] = [Z]LMC subsample
of M33 Cepheids are indeed LMC-like in terms of iron abundance, then the amplitude
distributions should be similar, with all else being equal.
The OGLE-III catalogue of LMC Cepheids provides I-band amplitudes for over 1800
fundamental mode Cepheids (Soszynski et al., 2008); 1716 of these Cepheids possess
short pulsation periods and they will be used to create the fiducial amplitude distribu-
tion. To compare like-for-like, it is necessary to use I-band amplitudes for the subsam-
ple of M33 Cepheids. The Pellerin & Macri catalogue (Pellerin and Macri, 2011) pro-
vides such amplitudes; it is worth nothing that the number of short-period, fundamental
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mode Cepheids in their catalogue that are located in the radial range ρ = 5.37 ± 0.61
kpc is only 50. The amplitude distributions of LMC Cepheids and M33 Cepheids
with LMC-like metallicity are both shown in Figure 4.9. The two distributions agree
moderately well despite the low number of suitable M33 Cepheids.
The consistency of the two amplitude distributions at low amplitude values points
towards an absence of blending effects in the Pellerin & Macri catalogue of M33
Cepheids. A blended Cepheid would present smaller pulsational amplitudes than an
identical Cepheid that is otherwise uncontaminated. If blending effects were signifi-
cant in the Pellerin & Macri catalogue, the distribution of Cepheid amplitudes would
be biased towards smaller values.
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Figure 4.9: Amplitude distributions of LMC Cepheids (grey filled histogram) and the subsam-
ple of M33 Cepheids (red histogram) in the I band. The LMC Cepheid distribution has been
normalised against the size of the M33 Cepheid subsample (N = 50).
Another diagnostic of the similarity of the two Cepheid samples is the comparison
of period distributions. Szabados and Klagyivik (2012) also showed that pulsation
periods mildly depends on iron abundance in the sense that an increase in [Fe/H] is
correlated with an increase in pulsation period. Fortunately, period data is available
for the entire collection of M33 Cepheids with what is expected to be LMC-like metal-
licity (N = 320). The period distributions of the two Cepheid samples are shown in
Figure 4.10 and show excellent agreement, implying that the two samples share similar
distributions in metallicity.
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Figure 4.10: Period distributions of LMC Cepheids (grey filled histogram) and the subsample
of M33 Cepheids (red histogram). The LMC Cepheid distribution has been normalised against
the size of the M33 Cepheid subsample (N = 320).
Creating and comparing Sloan-band Leavitt Laws
Period-luminosity relations are fitted to the Cepheids of LMC-like metallicity with
both fixed and non-fixed slopes. The results are plotted in Figure 4.11 and tabulated in
Table 4.2.
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Figure 4.11: Sloan-band period-luminosity relations of Cepheids in M33 with LMC-like metal-
licities. The solid lines are the fully-empirical fits. The dashed lines represents the fits where
the slopes are fixed to the semi-empirical values. The dotted lines are the fits where the slopes
are fixed to the theoretical values.
For each filter, the three slopes appear to be in good agreement. To better illustrate the
level of consistency between the slopes, a clearer visual comparison of the empirically-
determined slopes with those predicted by Ngeow and Kanbur (2007) and Di Cri-
scienzo et al. (2013) is shown in Figure 4.12. It is revealed that there are clear system-
atic offsets between each set of slopes. Both the semi-empirical and theoretical sets
of slopes are steeper than those empirically measured here, though the semi-empirical
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Band Slope Zero-point
g −2.448± 0.088 23.751± 0.052
Empirical r −2.766± 0.065 23.443± 0.039
i −2.890± 0.059 23.392± 0.040
g −2.518 23.793± 0.017
N&K r −2.819 23.475± 0.012
Fixed-slope i −2.928 23.414± 0.013
g −2.855 23.995± 0.016
DC+ r −3.056 23.617± 0.012
Fixed-slope i −3.137 23.539± 0.014
Table 4.2: Sloan band Leavitt Laws using M33 Cepheids with LMC metallicity.
slopes by Ngeow and Kanbur (2007) lie comfortably within the errors. The signifi-
cant disparities between the theoretical and the (semi-)empirical slopes suggests that
the theoretical models used by Di Criscienzo et al. (2013) do not fully reproduce the
physical behaviour and the observed characteristics of Cepheids. As stated by Di Cri-
scienzo et al. (2013), the models they used do not incorporate core overshooting nor is
rotation taken into account. It is possible that the exclusion of these factors contribute
to the observed systematic differences in slopes.
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Figure 4.12: Comparison between empirical and predicted slopes. Circular points are empir-
ically derived slopes, square points are the semi-empirical slopes from Ngeow and Kanbur
(2007), and diamond points are the theoretical slopes from Di Criscienzo et al. (2013).
By adopting the semi-empirical Leavitt Laws and using their slopes during the fit-
ting procedures, apparent distance moduli can be estimated by taking the difference
between the measured M33 intercepts and semi-empirical LMC intercepts
µλ = µLMC + (ZPλ − ZPλ,LMC) (4.5)
where µλ is the apparent distance modulus to M33 in the filter λ, ZPλ is the measured
intercept in that filter using a fixed-slope fit, ZPλ,LMC is the semi-empirical intercept in
that filter for the LMC Cepheids, and µLMC is the distance modulus to the LMC which
is taken to be the canonical value of 18.50 mag. The apparent M33 distance moduli as
measured in the Sloan bands are: µg = 25.128±0.031 mag, µr = 24.948±0.024 mag
and µi = 24.882± 0.22 mag.
The reddened, apparent distance modulus is a linear function of the total-to-selective
extinction ratio with the reddening as the multiplicative factor
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µλ = µ0 + Aλ
µλ = µ0 + E(B − V )× Aλ
E(B − V )
µλ = µ0 + E(B − V )×RλBV
(4.6)
where µ0 is the true distance modulus.
With the parameterisation of Cardelli et al. (1989), the total-to-selective extinction ra-
tios in the three Sloan filters are: RgBV = 3.79,R
r
BV = 2.73, andR
i
BV = 2.09. A linear
fit between the apparent moduli and ratios gives a reddening of
E(B − V ) = 0.144± 0.020 mag and, by extrapolating to zero reddening, a true dis-
tance modulus of µ0 = 24.57 ± 0.06 mag. Figure 4.13 shows the plot of apparent
distance moduli against ratios. With a known value for reddening, the extinctions in
the three Sloan filters can be calculated. Table 4.3 lists the apparent distances, extinc-
tions and extinction-corrected distances in the three filters.
λ µλ Aλ µλ − Aλ
(mag) (mag) (mag)
g 25.128± 0.031 0.547± 0.076 24.582± 0.082
r 24.948± 0.024 0.394± 0.055 24.555± 0.059
i 24.882± 0.022 0.302± 0.042 24.580± 0.047
Table 4.3: Apparent distance moduli, extinctions and extinction-corrected distance moduli in
the Sloan bands.
The reddening of E(B − V ) = 0.144 mag determined from [Z] = [Z]LMC Cepheids
is — for now — assumed for all Cepheids regardless of radial position. For compar-
ison, Massey et al. (1995) found an average reddening of E(B − V ) = 0.13 ± 0.01
mag with individual values ranging from 0.08 to 0.33 mag from their photometry and
spectroscopy of massive OB stars across 8 fields in the disk of M33. A later study
by Massey et al. (2007) finds a similar value of E(B − V ) = 0.12 ± 0.02 mag by
using the plume of blue supergiant stars on a CMD of M33 stars. Given that the two
studies made use of stellar populations that are similar to Cepheids and that they find
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reddening values that are compatible with the value determined here, the application
of a constant average reddening of 0.144 mag for all Cepheids is supported.
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Figure 4.13: Apparent distance moduli vs total-to-selective extinction ratios in the Sloan bands.
The zero-point of the fit yields the true distance modulus and the gradient gives the reddening.
The true distance modulus of 24.57±0.06 mag is superimposed on a sample of previous
distance estimates collated by de Grijs and Bono (2014) in Figure 4.14.
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Figure 4.14: M33 distance estimates collated by de Grijs and Bono (2014). The distance
modulus of µ = 24.57± 0.06 mag derived here is indicated by the solid and dashed horizontal
lines.
4.5.2 Creating and comparing period-Wesenheit relations
With the Wesenheit formulations in Equation 4.3 and the semi-empirical Leavitt Laws
by Ngeow and Kanbur (2007), it is possible to construct semi-empirical period-Wesenheit
(PW) relations through simple substitution. For example, the slope and zero-point for
the W ggi period-Wesenheit relation are predicted in the following way:
W ggi = g −Rggi × (g − i)
= (ag logP + bg)−Rggi × ((ag logP + bg)− (ai logP + bi))
=
(
ag −Rggi (ag − ai)
)
logP +
(
bg −Rggi (bg − bi)
)
= aggi logP + b
g
gi
(4.7)
Table 4.4 lists the predicted slopes and intercepts for the period-Wesenheit relations.
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Band Predicted Slope Predicted Zero-point
W ggi −3.435± 0.068 16.868± 0.052
W rri −3.289± 0.133 17.049± 0.102
W ggr −3.593± 0.134 16.672± 0.100
W gri −3.170± 0.215 17.195± 0.163
W rgi −3.479± 0.074 16.813± 0.056
W igr −3.522± 0.092 16.760± 0.069
Table 4.4: Predicted semi-empirical Sloan-band period-Wesenheit relations for LMC Cepheids.
Wesenheit magnitudes are determined for each Cepheid with Equations 4.3. With
the modified Akritas and Bershady (1996) OLS fitting algorithm to account for the
intrinsic scatter, fits are made to the Wesenheit magnitude against period data with
slopes that are allowed to float and slopes that are fixed to the predicted values (see
Figure 4.15). No rejection procedures were applied. Table 4.5 lists the results of the
fits and Figure 4.16 compares the predicted and measured slopes.
The scatters in the Wesenheit plots are considerably larger than those of the single fil-
ters plots. The CFHT stacks comprise at most 17 input frames so the light curves of the
Cepheids may not be sampled sufficiently. The apparent brightnesses of the Cepheids
in the CFHT stacks therefore may not accurately reflect their true average brightnesses.
Amplitudes of Cepheid light curves increase monotonically for decreasing wavelength.
The greater the amplitude, the larger the potential discrepancy between a Cepheid’s
measured stacked magnitude and the Cepheid’s true average magnitude. Given that
the construction of Wesenheit indices is essentially a linear combination of two or
more magnitudes, uncertainties for said magnitudes are compounded into the final un-
certainty for the Wesenheit index. The coefficient on the colour term will also act to
amplify the errors.
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Figure 4.15: Fitted Sloan-band period-Wesenheit relations. The solid lines represents the free-
slope fits and the barely visible dashed lines represent the fits with fixed slopes. The RMS
scatter for each fixed-slope fit is listed for each plot.
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Band Slope Zero-point RMS
W ggi −3.438± 0.092 22.948± 0.072 0.480
W rri −3.302± 0.137 23.222± 0.110 0.732
Empirical W ggr −3.584± 0.126 22.652± 0.083 0.576
W gri −3.192± 0.196 23.443± 0.154 1.034
W rgi −3.479± 0.095 22.865± 0.069 0.462
W igr −3.519± 0.102 22.784± 0.071 0.480
W ggi −3.435 22.946± 0.027 0.480
W rri −3.289 23.214± 0.041 0.733
N&K W ggr −3.593 22.657± 0.033 0.576
Fixed-slope W gri −3.170 23.430± 0.058 1.032
W rgi −3.479 22.865± 0.025 0.462
W igr −3.522 22.786± 0.026 0.481
Table 4.5: Sloan-band period-Wesenheit relations using M33 Cepheids with LMC metallicity.
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Figure 4.16: Slopes from empirical and predicted period-Wesenheit relations. Circular points
are empirically-derived slopes and square points are slopes predicted using combinations of
single-filter slopes from Ngeow and Kanbur (2007).
Nevertheless, the slopes from the empirical fits agree extremely well with the predicted
semi-empirical values. The fits of the Wesenheit data with the predicted slopes yield
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six additional estimates for the distance to M33; no reddening correction is needed here
as the Cepheid Wesenheit magnitudes are by definition reddening-free. The estimated
distances from the single-filter band Leavitt Laws and period-Wesenheit relations are
collated in Table 4.6 and plotted in Figure 4.17 along with the true distance modulus.
Band Distance modulus (mag)
g0 24.583± 0.082
r0 24.555± 0.059
i0 24.581± 0.047
W ggi 24.578± 0.059
W rri 24.665± 0.110
W ggr 24.485± 0.105
W gri 24.735± 0.174
W rgi 24.552± 0.062
W igr 24.527± 0.074
Table 4.6: Distance moduli in various bands determined from Cepheids of LMC metallicity in
M33.
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Figure 4.17: Distance estimates for M33 derived from reddening-corrected single-band and
reddening-free Wesenheit magnitudes in the Sloan filters. The solid horizontal line is the true
distance modulus and the shaded region is its error. Reddened single-filter distance moduli are
also shown and are labelled as g, r and i.
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4.6 Effects of metallicity on the period-luminosity rela-
tion
To assess the metallicity effects on Cepheid luminosities, period-luminosity relations
are fitted against Cepheids from a series of galactocentric radial bins. The Cepheids are
binned into a series of galactocentric annuli starting at a radius of 0.5 kpc and ending
at 10.5 kpc with a bin thickness of 1 kpc. The first bin encompasses the radial range
0.5 < ρ < 1.5 kpc, the second 1.5 < ρ < 2.5 kpc, the third 2.5 < ρ < 3.5 kpc, etc.
For each annular sample of Cepheids and magnitude band or Wesenheit index, period-
luminosity relations are fitted twice using the linear regression method by Akritas and
Bershady (1996). One fit is performed with no constraints on the slope and another fit
is made with the slope fixed to the semi-empirical value specific to that particular band
or index. The extinction values in Table 4.3 are applied to all single-filter tests.
4.6.1 Slopes
First, the dependency of the slopes of the period-luminosity relations on metallicity in
various bands is assessed. Figure 4.18 shows the variations in the freely-fitted slope as
a function of galactocentric radius in all single-filter bands and Wesenheit indices.
The freely-fitted slopes in all single-filter bands show no strong trend with galactocen-
tric radius beyond 3 kpc, suggesting the lack of a slope-metallicity dependence and are
consistent with the semi-empirical determinations. For the Wesenheit-index fits, the
slopes exhibit greater levels of variation. A slight radial trend appears to be present
in the W gri plot though it may be spurious given the large uncertainties for each data
point.
In the central region ρ < 3 kpc, a correlation between fitted slope and radius is appar-
ent. It is possible that this is a sign of a metallicity-slope relation that is present only
in metal-rich environments. A more likely cause for the slope-radius relation is flux
contamination effects — a phenomenon that is not unexpected in such regions of high
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stellar density.
Flux contamination
For the sake of simplicity, let us assume that all the Cepheids in a given radial bin ex-
perience the same level of flux contamination, that is, measurements of the Cepheids’
flux are all overestimated by the same amount. The additional flux makes up a greater
fraction of the total measured flux for the intrinsically faint Cepheids than it does for in-
trinsically brighter Cepheids. The greater fractional flux change for dimmer Cepheids
consequently imparts a greater change in magnitude than for brighter Cepheids. This
differential change in magnitude as a function of intrinsic brightness (and therefore pe-
riod) has the effect of producing period-luminosity relations of shallower slopes. With
decreasing galactocentric radius, the level of flux contamination increases, leading to
increasingly shallower slopes. This effect is seen in all plots of Figure 4.18.
To verify flux contamination as a probable cause of shallow slopes, Cepheids that have
bright neighbours or are blended2 are removed and period-luminosity relations are re-
fitted to each bin of Cepheids. The flag value SExtractor provides for each Cepheid
during photometry is used to identify those that are likely isolated and therefore sub-
jected to little flux contamination; there are 797 Cepheids that satisfy these conditions.
Plots of Leavitt Law and period-Wesenheit relation slopes from Cepheids with little to
no flux contamination are shown in Figure 4.19. The correlation between slope and ra-
dius near the galactic centre is less pronounced in the new fits while the slopes beyond
ρ = 3 kpc remain for the most part unchanged. Figure 4.20 shows the change in slopes
between the two sets of fits.
Period distribution
Another contributing factor to the shallow slopes is the period distribution of the ob-
servable Cepheids. There is a selection bias towards the brighter and, hence, longer-
period Cepheids near the centre of M33 because of the high stellar crowding. The
2SExtractor’s definition of “blended” is used here.
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correlation between pulsation period and metallicity (Szabados and Klagyivik, 2012)
and the metal-rich nature of the central Cepheids further biases the period distribution
to larger values. A comparison of the period distributions of Cepheids in the LMC and
Cepheids in the inner regions of M33 is shown in Figure 4.21. There is a clear disparity
between the two period distributions.
Given that the semi-empirical Leavitt Laws by Ngeow and Kanbur (2007) were derived
from a sample of LMC Cepheids over a period range of 0.4 < logP < 1.8, and
that there is a paucity of detectable short-period Cepheids near the centre of M33, the
shallow slopes may also be a symptom of the putative break in linearity of the period-
luminosity relation. The linearity break is usually framed as the slope of the Leavitt
Law being shallower at longer periods (logP > 1) than short (logP < 1). Since there
is a larger presence of Cepheids with long periods than short in the central region of
M33, the slopes of the Leavitt Laws derived from such Cepheids are expected to be
shallower than anticipated.
Acceptable radial range
Beyond ρ = 8 kpc, the slopes strongly diverge from previous values. The numbers
of Cepheids sharply diminish (see Figure 4.6), leading to inaccurate determinations
of Leavitt Law slopes and zero-points. For these reasons, only the Cepheids within
3 ≤ ρ ≤ 8 kpc are used to determine effects of metallicity hereafter. This sample of
Cepheids covers a range in metallicity of −0.566 < [Z] < −0.156 dex when using the
metallicity profile of [Z] = (0.09± 0.04)− (0.082± 0.010)ρ dex from U et al. (2009).
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Figure 4.18: Variations in slopes with galactocentric radius. Dotted lines represent the semi-empirical values.
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Figure 4.19: Same as Figure 4.18 but with only non-contaminated Cepheids.
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Figure 4.20: Changes in Leavitt Law slopes between fitting all Cepheids and using only isolated Cepheids.
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Figure 4.21: Period distributions of LMC Cepheids (grey filled histogram) and Cepheids at the
centre of M33 (blue histogram).
4.6.2 Zero-points
The consistency of the empirically-fitted slopes with the predicted semi-empirical slopes
gives credence to the results from the fixed-slope fits. For each annular sample of
Cepheids, distance moduli are derived from the zero-points of the fixed-slope fits and
are shown in Figure 4.22. A correlation between measured distance moduli and galac-
tocentric radius is apparent.
Linear fits to the distance modulus gradients are listed in Table 4.7. For the single filter
results, the steepness of the gradient increases with increasing wavelength. In the g
band, the result is consistent with there being no effect. The Wesenheit gradients are
consistent with each other though considerably steeper than those of the single filter
fits. There are several possible causes for these observed distance modulus gradients:
a radial gradient in reddening, stellar crowding, and metallicity effects.
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Figure 4.22: Variations in observed distance modulus with galactocentric radius and their linear fits. The dotted horizontal line marks the true distance
modulus to M33 as determined from [Z] = [Z]LMC Cepheids.
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Band ∆µ/∆ρ (mag/kpc) Intercept (mag)
g 0.010± 0.012 24.534± 0.068
r 0.021± 0.008 24.443± 0.044
i 0.028± 0.009 24.414± 0.050
W ggi 0.051± 0.020 24.266± 0.109
W rri 0.052± 0.033 24.310± 0.178
W ggr 0.052± 0.013 24.213± 0.074
W gri 0.054± 0.044 24.337± 0.241
W rgi 0.053± 0.017 24.245± 0.093
W igr 0.053± 0.015 24.232± 0.081
Table 4.7: Changes in observed distance modulus against galactocentric radius.
Reddening gradient
A radial variation in reddening may produce the observed changes in distance moduli
in the single-filter Leavitt Law fits but not in the Wesenheit fits as they are by definition
reddening-free. Variations in the reddening parameter RV , however, can produce the
changes in the distance moduli measured in Wesenheit indices. The Wesenheit plots
in Figure 4.22 show that Cepheids appear dimmer the further they are from the centre
which would require — all else being equal — theRV value to increase as a function of
galactocentric radius. Larger values for the reddening parameter results in extinctions
that are not as chromatically sensitive and physically corresponds to the presence of
larger dust grains along the line of sight. This would imply an unlikely scenario where
the “dustiness” of M33 is greater in the outskirts than the central region.
From OB stars, Massey et al. (1995) acquire an average reddening of
E(B − V ) = 0.13± 0.01 mag for M33 with no obvious signs of systematic spatial
dependence, though they describe the reddening in M33 as being “patchy”. U et al.
(2009) determined individual E(B − V ) reddening values for 22 blue supergiant stars
across M33 (see Figure 4.23). They find an average reddening of E(B − V ) = 0.083
mag and no significant radial reddening gradient. With the spectroscopic data from
the study of HII regions by Rosolowsky and Simon (2008), U et al. (2009) determined
4.6. Effects of metallicity on the period-luminosity relation 111
an independent distribution of reddening values, averaging around E(B − V ) = 0.11
mag. While there is considerable scatter, they again find no radial dependency. The
lack of a reddening gradient rules out reddening variations as a probable cause for the
gradients in distance moduli seen in the single-filter bands.
Furthermore, if changes in reddening were the cause of apparent distance variations,
the gradients in distance modulus should be steeper for decreasing wavelength. For
a given difference in reddening ∆E(B − V ) across a range in radius, the changes in
extinctions — hence, distance modulus — in the three bands should follow
∆Ag > ∆Ar > ∆Ai. This is not seen in the plots of distance moduli against galacto-
centric radius (Figure 4.22).
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Figure 4.23: Reddening across M33 from observations of blue supergiant stars (U et al., 2009).
Blending and crowding
Crowding and blending could conceivably cause changes in the observed distance
moduli by biasing the measurements of Cepheid magnitudes so that they appear brighter
in denser regions. To test this possibility, the analysis of changes in observed distance
moduli as a function of galactocentric radius is undertaken once more but with only
the Cepheids that SExtractor report as being isolated.
Plots of the measured distance moduli from isolated Cepheids against galactocentric
radius are shown in Figure 4.24. As with the previous case in which all Cepheids were
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used, trends in measured distances with galactocentric radius in the range 3 < ρ < 8
kpc are also present and are also numerically consistent with the results of the larger
Cepheid sample (see Figure 4.25). Differences in stellar crowding are therefore un-
likely to be the main or sole contributor to the gradients in measured Cepheid distance
moduli.
Cepheids that are truly blended with another star will evade being filtered out with
the aforementioned method as the companion is by definition unresolvable from the
Cepheid and therefore undetected by SExtractor. Chavez et al. (2012) have quantified
the effects of the blending of Cepheids in M33 through the comparison of ground-
based Wisconsin–Indiana–Yale–NOAO (WIYN) photometry and Hubble Space Tele-
scope photometry. They acquire their Cepheid sample from Pellerin and Macri (2011),
whose images had a typical seeing of 0.75′′ which is similar to that of the CFHT stacks
used here. Over half of the Cepheids were found not to be affected by blending in
the ground-based V and I images. Of the Cepheids with companions, around 70% are
photometrically affected below the 10% level. Supposing that the CFHT stacks also
suffer from the same level of contamination, the overall effect of blending should not
be significant here.
Binarity
Around 80% of Cepheids in the Milky Way are expected to be members of binary sys-
tems (Kervella et al., 2019). Flux from the companions will contribute to the measured
flux of such Cepheids, introducing systematic errors into the apparent magnitudes and
colours. Supposing that the companion in a binary system is a blue main-sequence
star, the severity of the additional flux is expected to be relatively small; the appar-
ent magnitudes and colour indices of the Cepheid can shift by several hundredths of a
magnitude (Szabados, 2003).
Presuming that a similar fraction of Cepheids in M33 are in binary systems, a consid-
erable number of the Cepheids used here will have companions, slightly biasing their
apparent magnitudes and colours. Unless Cepheid binarity becomes more pronounced
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as the galactocentric distance increases and contributes significantly to the observed
Cepheid brightnesses, there is unlikely to be a scenario where binarity leads to the
observed changes in distance modulus as a function of galactocentric radius.
Metallicity
Variations in metallicity are thus the most likely explanation for the observed changes
in distance moduli. Recent observational studies into the effect of metallicity on
the Leavitt Laws in non-Sloan filters reveal the presence of the same phenomenon:
the brightening of Cepheids with increasing metallicity. See Sasselov et al. (1997),
Scowcroft et al. (2009), Gerke et al. (2011), Storm et al. (2011), Shappee and Stanek
(2011), Mager et al. (2013), Fausnaugh et al. (2015), Gieren et al. (2018) for such
examples.
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Figure 4.24: Same as Figure 4.22 but from only isolated Cepheids.
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Figure 4.25: Observed gradients in distance modulus from all Cepheids (circles) and Cepheids
with no bright stellar neighbours (squares).
4.6.3 Metallicity correction values
Potential values for the magnitude-metallicity parameters (γλ = ∆µλ/∆[Metal]) are
inferred by taking the gradients in distance modulus from Table 4.7 and dividing by a
range of metallicity gradients (see Equation 4.1), and are shown in Figure 4.26.
With these metallicity-correction curves, several recent metallicity gradients obtained
from different tracers are evaluated: the stellar metallicity gradient of
d[Z]/dρ = −0.082 ± 0.010 dex/kpc derived from blue supergiant stars (U et al.,
2009), the stellar gradient of d[Z]/dρ = −0.112 dex/kpc derived from beat Cepheids
(Beaulieu et al., 2006)3, and the gas-phase gradient of d[O/H]/dρ = −0.024 ± 0.004
dex/kpc from HII regions (Lin et al., 2017). Table 4.8 lists the resulting metallicity
correction values.
3With updated deprojected radii
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Figure 4.26: Curves of potential metallicity parameter values.
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Band γ (mag/dex) γ (mag/dex) γ (mag/dex)
BSGs: BCs: HII regions:
d[Z]/dρ = −0.082 d[Z]/dρ = −0.112 d[O/H]/dρ = −0.024
g −0.122± 0.146 −0.089± 0.107 −0.417± 0.500
r −0.256± 0.098 −0.188± 0.071 −0.875± 0.333
i −0.341± 0.110 −0.250± 0.080 −1.167± 0.375
W ggi −0.622± 0.244 −0.455± 0.179 −2.125± 0.833
W rri −0.634± 0.402 −0.464± 0.295 −2.167± 1.375
W ggr −0.634± 0.159 −0.464± 0.116 −2.167± 0.542
W gri −0.659± 0.537 −0.482± 0.393 −2.250± 1.833
W rgi −0.646± 0.207 −0.473± 0.152 −2.208± 0.708
W igr −0.646± 0.183 −0.473± 0.134 −2.208± 0.625
Table 4.8: Metallicity correction values for various metallicity gradients.
For fairly steep gradients from stellar tracers, the metallicity correction values are
mostly within reasonable limits. For the shallow metallicity gradient derived from
HII regions, however, the resulting correction values are exceedingly large in all but
the g filter. One simplistic explanation for the large values is that M33 does not possess
a shallow metallicity gradient and that the gradients listed in Table 2.3 corresponding
to HII regions are erroneous. A more realistic explanation is that chemical abundances
derived from spectroscopic observations of HII regions at various radii are valid but
are not representative of the metallicities of Cepheids at the same radii. As can be seen
in Table 2.3, the gradients derived from stellar tracers tend to be steeper than those of
HII regions, supporting the second option.
The fact that the metallicity gradients as traced by individual stars are steeper than
those traced by HII regions is perhaps not unexpected. Beasley et al. (2015) acquired
metallicities for 77 stellar clusters of various ages across M33 and find that the older
stellar clusters yield steeper metallicity gradients. In other words, the metallicity gradi-
ent of M33 as traced by star clusters flattens with time. Since HII regions are younger
than the stars that are used here, one would expect that metallicity gradients derived
from such tracers will be flatter than stellar-based determinations.
However, the age difference between stellar tracers and HII regions may not be large
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enough to allow for a significant change in metallicity gradient. Other potential sources
of the discrepancy in gradient steepness are the systematic uncertainties associated
with the methods with which chemical abundances are determined. As discussed by
Kudritzki and Urbaneja (2012), the “strong line method” of determining the oxygen
content of HII regions involves large uncertainties; in particular, by adopting different
calibrations of the strong line method, the steepness of a measured metallicity gradient
can change from being significant to being non-existent, and the measured absolute
values of metallicity can change by as much as 0.6 dex. Most of the metallicity deter-
minations of HII regions by Lin et al. (2017) made use of the strong line method.
Shappee and Stanek (2011) arrived at a value for γ in the V IC Wesenheit index of
γV I = −0.80 mag/dex by comparing the magnitudes of Cepheids of different metallic-
ities in separate fields of M101. The consequences of such a large metallicity correc-
tion were explored by Majaess et al. (2011). They find that applying such a metallicity
correction to Cepheid-based distances to the Magellanic Clouds yields distances that
significantly disagree with those derived from other methods. Metallicity corrections
of γ ∼ −2 mag/dex in Table 4.8 are clearly intolerable; chemical abundances deter-
mined from HII regions are not a suitable proxy for Cepheid metallicities.
Hoffmann and Macri (2015) acquired a Cepheid-based distance to the maser-hosting
galaxy NGC 4258 with Sloan-band data. The maser in NGC 4258 provides a pre-
cise and accurate independent distance estimate via very-long-baseline interferometry,
against which the Cepheid Leavitt Law can be calibrated. Like Ngeow and Kanbur
(2007), they construct semi-empirical Leavitt Laws in Sloan filters which they then
fit to almost 100 Cepheids. Their slopes agree well with those of Ngeow and Kanbur
(2007) and, therefore, to those empirically determined here. Theoretical Leavitt Laws
were also created following the method used by Di Criscienzo et al. (2013) and were
also found to be consistent. Unfortunately, NGC 4258 features an LMC-like metallic-
ity throughout its disk (Bresolin, 2011a), rendering a test of the Sloan-band metallicity
effect on Cepheids (a` la Majaess et al. 2011) infeasible. An ideal candidate for eval-
uating the validity of the Sloan-band metallicity corrections is the Small Magellanic
Cloud. This nearby system hosts almost 3000 Cepheids pulsating in the fundamental
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mode (Soszyn´ski et al., 2015), possesses a metallicity that is ∼ 0.4 dex below that of
the LMC, and has distance estimates from a variety of methods (de Grijs and Bono,
2015). However, no Sloan-band data is currently available to enable such a test.
The beat Cepheid metallicity gradient of d[Z]/dρ = −0.112 dex/kpc is adopted and the
metallicity parameter values listed under that gradient in Table 4.8 are chosen to be the
final — though tentative — results. The metallicity gradient acquired from the updated
linear fit to the metallicities of 5 beat Cepheids against their galactocentric position in
Section 2.1.2 was presented without any errors. The error associated with each γ value
should therefore be taken as the lower limit as no error from the metallicity gradient has
been propagated into the final values. By assuming a generous error of 0.056 dex/kpc
on the metallicity gradient and propagating that value, the error on γ increases by as
little as 0.009 mag/dex in g and by as much as 0.144 mag/dex in W ggr.
The small spread of the Wesenheit-band metallicity parameters suggests that a single
quantity γW can encompass the effect of metallicity in all Sloan Wesenheit indices. A
weighted mean gives γW = −0.468 mag/dex.
A recent multi-band study into the effects of metallicity on Cepheid brightnesses by
Gieren et al. (2018) find metallicity correction values in optical and near-infrared
bands (see Table 4.10) that are comparable to the ones determined here though they
use a different filter system. Their V, (V − I) Wesenheit metallicity parameter of
−0.335 ± 0.059 mag/dex is also consistent with the parameters measured here with
Sloan-band Wesenheit indices. No wavelength dependency is seen in their results,
however. Their method of acquiring metallicity parameters relies upon accurate dis-
tances determined with a Baade-Wesselink method to a sample of SMC Cepheids to
establish absolute magnitude Leavitt Laws. With Leavitt Laws of fixed identical slopes
for the Milky Way, LMC and SMC, they quantified the correlation between zero-point
and metallicity.
Another recent multi-band study by Wielgo´rski et al. (2017) found metallicity param-
eter values in all bands consistent with zero, a finding that is incompatible with the
results reported here. To acquire their metallicity corrections, they compare the rela-
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tive distance difference between the LMC and the SMC as determined from eclipsing
binary systems with the relative distance determined from Cepheids. As noted by
Gieren et al. (2018), the determination of the metallicity parameters by Wielgo´rski
et al. (2017) is strongly predicated on the adopted relative distance difference between
the two Magellanic Clouds; a decrease in the distance to the SMC of 0.07 mag in
distance modulus is sufficient to increase the size of the metallicity effect to ∼ −0.2
mag/dex in all bands, bringing them in line with the values measured here.
The first two columns of Table 4.10 present the Wesenheit metallicity parameters
and errors determined in this work and the final results from Gieren et al. (2018),
Wielgo´rski et al. (2017) in a variety of passbands. Results from Storm et al. (2011) are
also included though they do not report their errors. The errors reported in the present
study are considerably larger than those given by Gieren et al. (2018) and Wielgo´rski
et al. (2017) in the Wesenheit indices. This may in part be due to the differing method
with which the errors in the zero-points of the period-Wesenheit relations were esti-
mated and the propagation of those errors. In this study, the slopes and zero-points of
the period-Wesenheit relations were determined with a linear regression algorithm that
incorporates the intrinsic scatter of the relations (Akritas and Bershady, 1996), while
the two earlier studies rely on the standard least squares method. By not incorporating
the intrinsic scatter of the period-Wesenheit relations during the fitting procedures, the
errors on the zero-points are likely to be underestimates.
Most empirical studies into the Cepheid metallicity effect observe that Cepheids of
higher metallicity are more luminous in optical wavelengths than their metal-poor
counterparts of the same period. Counter to the majority of observational results, the-
oretical investigations into the role of metallicity on Cepheid brightnesses suggest that
the effect exists but in the opposite direction where metal-rich Cepheids are dimmer
than those that are metal-poor of the same period (Caputo et al. 2000, Bono et al.
2008). The fact that theory and observation contradict each other points towards some
unknown mechanisms in either approach to the study of the metallicity effect, or per-
haps to too strong a reliance on certain assumptions (such as minimal blending on the
observational side and the efficacy of pulsation and atmospheric models on the theo-
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retical side). On this topic, Gieren et al. (2018) stated that the uncertainties associated
with the metallicity effects determined from pulsation theory are still substantial.
4.6.4 Period-luminosity-metallicity relations
A metallicity term is now appended to the usual form of the Leavitt Law:
m = a logP + b+ γ ([Z]− [ZLMC]) (4.8)
The terms in the period-luminosity-metallicity relations in the single-filter bands and
Wesenheit indices are listed in Table 4.9.
Band a b (mag) γ (mag/dex)
g −2.518 23.793± 0.017 −0.089± 0.107
r −2.819 23.475± 0.012 −0.188± 0.071
i −2.928 23.414± 0.013 −0.250± 0.080
W ggi −3.435 22.946± 0.027 −0.455± 0.179
W rri −3.289 23.214± 0.041 −0.464± 0.295
W ggr −3.593 22.657± 0.033 −0.464± 0.116
W gri −3.170 23.430± 0.058 −0.482± 0.393
W rgi −3.479 22.865± 0.025 −0.473± 0.152
W igr −3.522 22.786± 0.026 −0.473± 0.134
Table 4.9: Sloan-band Leavitt Law terms with metallicity corrections for Cepheids in M33.
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4.7 Predicting Wesenheit metallicity parameters
When the Leavitt Laws were predicted in Wesenheit indices in Section 4.5.2, the slopes
and zero-points were determined by substituting the single-band magnitude terms in
Equations 4.3 with their Leavitt Law equivalents. The metallicity parameters in the
Wesenheit indices can be predicted in the same manner by using the metallicity param-
eters found for the single-band Leavitt Laws. For example, the metallicity parameter
in the W ggi band is predicted in the following way:
γggi = γg −Rggi × (γg − γi) (4.9)
Predictions and comparisons are made using the Sloan single-band results determined
here and also from non-Sloan single-band results in the literature (see Table 4.10).
The results from the multi-band studies on the effects of metallicity on Cepheids by
Gieren et al. (2018), Wielgo´rski et al. (2017) and Storm et al. (2011) are presented here
to demonstrate the efficacy of the predictions, independent of the results determined
here.
The predicted metallicity parameters in the Sloan Wesenheit indices all cluster around
γ = −0.450 mag/dex and are also consistent with their corresponding measured val-
ues. For each of the other multi-band studies, the predicted and measured parameters
also agree well (see Figure 4.27), indicating that the prediction procedure is valid.
4.8 Wavelength dependency
A plot of the metallicity parameters as a function of the wavelength through which they
were measured reveals a tentative relation between the two quantities: the metallicity
effect becomes stronger at longer wavelengths (see Figure 4.28). An unweighted linear
fit is made to the three single-filter metallicity corrections against inverse wavelength,
giving γ = 0.09 × λ−1 − 0.448 mag/dex where λ is given in µm. The SDSS filter
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Figure 4.27: Comparison of measured metallicity correction values in the literature (circles)
and predicted values (squares). Left: values are from Gieren et al. (2018). Centre: values are
from Wielgo´rski et al. (2017). Right: values are from Storm et al. (2011).
set includes two additional filters: u for ultraviolet and z for infrared with central
wavelengths of 0.3551 µm and 0.8932 µm respectively. Assuming that the linear fit
between wavelength and metallicity correction persists beyond the g filter into the
ultraviolet regime and below i, the metallicity correction in the u band is predicted to
be +0.049 mag/dex, while for z it is −0.292 mag/dex.
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Figure 4.28: Metallicity corrections against wavelength. The circular points denote the empir-
ical measurement. Square points mark the predicted corrections in the other Sloan filters. The
line is the unweighted linear fit using the three single-filter metallicity corrections.
In their multi-wavelength study of metallicity effects on LMC Cepheids, Freedman
and Madore (2011) also find a monotonic correlation with wavelength in the same di-
rection — that is, the metallicity parameter is more negative at longer wavelengths.
However, they determine positive values for the metallicity parameter in optical bands
and negative values in the mid-infrared. In this work with Sloan-band data, the metal-
licity parameters start off negative in the optical (γg = −0.089 ± 0.107 mag/dex) and
become progressively more negative at longer wavelengths.
As stated in Freedman and Madore (2011), the trend in metallicity parameter with
wavelength is consistent with line blanketing effects. Flux at short wavelengths is
preferentially absorbed and re-emitted at longer wavelengths by metals in Cepheid
atmospheres. In the case of this work, flux from photons with wavelengths shorter
than that of the g filter appears to be redistributed to longer wavelengths as evidenced
by the negative signs of the metallicity parameters in g, r and i filters.
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Band γ (mag/dex) Predicted γ (mag/dex) Source
W ggi −0.455± 0.179 −0.450 This work
W rri −0.464± 0.295 −0.455
W ggr −0.464± 0.116 −0.442
W gri −0.482± 0.393 −0.460
W rgi −0.473± 0.152 −0.447
W igr −0.473± 0.134 −0.445
V −0.238± 0.186 Gieren et al. (2018)
I −0.293± 0.150
W VV I −0.335± 0.059 −0.378
J −0.270± 0.108
K −0.232± 0.064
WKJK −0.221± 0.053 −0.206
V −0.022± 0.076 Wielgo´rski et al. (2017)
I −0.015± 0.071
W IV I −0.025± 0.067 −0.010
J −0.042± 0.069
H −0.012± 0.069
Ks −0.017± 0.069
WKsJKs −0.022± 0.067 +0.022
V +0.09 Storm et al. (2011)
I −0.06
W VV I −0.23 −0.29
J −0.10
K −0.11
WKJK −0.10 −0.12
Table 4.10: Metallicity parameters from several studies using multi-band data. Predicted values
are calculated using the corresponding single-band results.
Chapter 5
Tip of the Red Giant Branch
With the available catalogue of M33 stars, an independent, non-Cepheid method to
determine the distance to M33 is possible through the use of the tip of the red giant
branch (TRGB). Section 1.5.3 gives a basic overview of a typical procedure to identify
the magnitude at which the tip is located.
The TRGB magnitude is conventionally measured with the Cousins I filter where the
effects of metallicity on the TRGB luminosity are minimised. No empirical calibra-
tions of the TRGB in Sloan bands are available, though Bellazzini (2008) provide
preliminary theoretical values on the basis of stellar models. They find absolute mag-
nitudes of the TRGB in Sloan i and z filters of MTRGBi = −3.44± 0.1 mag for [Fe/H]
≤ −1.0 dex, and MTRGBz = −3.67± 0.1 mag for [Fe/H] ≤ −0.4 dex (see Figure 5.1).
In the previous chapter, Cepheids were binned into galactocentric annuli to assess the
variation in distance modulus with galactocentric radius. The same approach will be
used here: RGB stars will be binned into a series of galactocentric annuli, from which
individual TRGB distances will be measured with i-band data. With Cepheids, varia-
tions in distance moduli were observed and were attributed to metallicity effects after
crowding and reddening variations were ruled out. Under the presumption that there
is no reddening variation and that crowding effects are minimal, TRGB distances are
not expected to vary significantly as a function of radius. However, because the TRGB
method is only applicable at metallicities of [Fe/H] ≤ −1.0 dex in the i band, the use
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of this method is permitted only in metal-poor regions of M33, limiting its efficacy to
the outer regions of the galaxy.
Figure 5.1: Absolute magnitudes of the TRGB in the Sloan i and z filters as a function of [Fe/H]
metallicity as determined from two sets of stellar models. Figure from Bellazzini (2008).
5.1 Locating the tip
From the CFHT catalogue of ∼ 1.4 million M33 stars, candidate RGB stars near the
TRGB are identified by their positions on the i against r − i CMD. The stars in the
region demarcated by the following relations
20 < i < 22, 23− 3.5 (r − i) < i < 26− 3.5 (r − i) (5.1)
are used to locate the apparent TRGB magnitude (see Figure 5.2). Stars that raise a
non-zero SExtractor photometry flag value (i.e., stars that are not isolated) are dis-
carded from the sample. This additional constraint acts to lessen the number of stars
with potentially contaminated magnitude and colour measurements. The presence of
such contaminated stars would otherwise have increased the dispersion in the data, re-
ducing the precision with which the TRGB can be discerned. It should be noted that
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no attempts have been made at removing foreground stars from the sample.
This subset of stars is separated into radial bins of 0.5 kpc thickness out to a maximum
galactocentric radius of 10 kpc. For each binned sample of RGB stars, a luminosity
function (LF) is constructed where a magnitude interval size of 0.05 mag is used.
The location of the TRGB in the LF — if clearly present — is marked by a sharp
change (discontinuity) in the number of stars across a small change in magnitude. To
computationally acquire the magnitude at which the discontinuity occurs, the LF is
convolved with an edge-detection kernel. The kernel is of the form [−1, −2, 0, +2,
+1]; at a given magnitude bin centred on M j , the output (response function) of the
convolution of the kernel with the LF is equal to −1(N j−2) − 2(N j−1) + 2(N j+1) +
1(N j+2) where N j is the number of stars in the magnitude bin around M j . The output
of the edge-detection convolution peaks at the LF discontinuity and the magnitude at
which the peak occurs is read off accordingly as the TRGB magnitude.
Figure 5.2: i vs r − i CMD with the TRGB region bounded by dashed lines.
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5.2 TRGB distances
Figure 5.4 presents, for each radial bin, a 2D density plot of r − i colour against i
magnitude (i.e., a CMD rotated by 90◦), a histogram showing the distribution of i-band
magnitudes in orange (i.e., the LF of the stars in the annular bin), and the response of
the convolution of the LF with the edge-detection kernel in black.
Tiede et al. (2004) obtained an M33 RGB metallicity gradient of
[Fe/H] = (−0.07± 0.01)ρ− (0.48± 0.04) dex by combining their chemical abundance
determinations for RGB stars located beyond 8 kpc from the galactic centre with those
determined by Kim et al. (2002) for inner field RGB stars (see Figure 5.3). The radius
at which the RGB metallicity falls to [Fe/H] = −1 dex is ∼ 7.4 kpc; at smaller radii
(higher metallicity), the TRGB method is expected to no longer be a reliable distance
estimator. The presence of a sharp, unambiguous, dominant peak in the convolution
output is seen in bins at radii ρ > 5.5 kpc except at 7.0 < ρ < 7.5 kpc.
Figure 5.3: RGB metallicities as a function of galactocentric radius. Filled circles are from
Kim et al. (2002), open circles from Tiede et al. (2004), and squares are halo globular cluster
metallicities from Sarajedini et al. (2000). The RGB metallicity gradient used here is repre-
sented by the dashed line which is a linear fit to the filled circles (except the innermost two
points). Figure from Tiede et al. (2004).
The series of convolution outputs in Figure 5.4 (black response functions) are collated
into a heatmap to better illustrate the effectiveness of the TRGB-identification proce-
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dure as a function of galactocentric radius (see Figure 5.5). Before they are placed
side by side, the response function for a given bin is normalised by dividing by the
maximum value of the response in that bin and negative values are set to 0; this is to
ensure that the variations in each response function remain visible when juxtaposed.
5.2.
T
R
G
B
distances
131
0.4
0.8
1.2
1.6
r
−
i
N
  0.0-0.5 kpc
  93 stars
  0.5-1.0 kpc
  267 stars
  1.0-1.5 kpc
  515 stars
  1.5-2.0 kpc
  745 stars
  2.0-2.5 kpc
  1143 stars
0.4
0.8
1.2
1.6
r
−
i
N
  2.5-3.0 kpc
  1631 stars
  3.0-3.5 kpc
  2061 stars
  3.5-4.0 kpc
  2407 stars
  4.0-4.5 kpc
  3018 stars
  4.5-5.0 kpc
  3662 stars
0.4
0.8
1.2
1.6
r
−
i
N
  5.0-5.5 kpc
  4229 stars
  5.5-6.0 kpc
  4380 stars
  6.0-6.5 kpc
  4464 stars
  6.5-7.0 kpc
  4312 stars
  7.0-7.5 kpc
  3926 stars
0.4
0.8
1.2
1.6
r
−
i
2
0
.
0
2
0
.
5
2
1
.
0
2
1
.
5
2
2
.
0
i
N
  7.5-8.0 kpc
  2993 stars
2
0
.
0
2
0
.
5
2
1
.
0
2
1
.
5
2
2
.
0
i
  8.0-8.5 kpc
  1945 stars
2
0
.
0
2
0
.
5
2
1
.
0
2
1
.
5
2
2
.
0
i
  8.5-9.0 kpc
  1235 stars
2
0
.
0
2
0
.
5
2
1
.
0
2
1
.
5
2
2
.
0
i
  9.0-9.5 kpc
  776 stars
2
0
.
0
2
0
.
5
2
1
.
0
2
1
.
5
2
2
.
0
i
  9.5-10.0 kpc
  497 stars
(
m
a
g
)
(
m
a
g
)
(
m
a
g
)
(
m
a
g
)
(mag) (mag) (mag) (mag) (mag)
Figure 5.4: Stars in the TRGB region are binned into galactocentric annuli. The coloured density plot (rotated CMD) shows r − i colour against i
magnitude with denser regions being redder. The luminosity function of the stars in a given annular bin is presented below its associated CMD as the
filled orange histogram. The convolution of the LF with an edge-detection kernel is superimposed on the LF in black (values below 0 are omitted). The
peak in a convolution output corresponds to the discontinuity in the LF and to the TRGB magnitude.
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Figure 5.5: The response functions from Figure 5.4 collated and displayed as a heatmap after
normalisation. For each radial bin, the peak in the heatmap corresponds to the peak the in the
response function, i.e., the TRGB magnitude.
With a measured apparent TRGB magnitude and known extinction in the i band, the
distance modulus is given by
µ = mTRGBi −MTRGBi
= mTRGBi, app − Ai −MTRGBi
= mTRGBi, app − 0.30 + 3.44
(5.2)
The extinction value is obtained from Table 4.3 and is presumed to be consistent across
the entire radial range.
By applying a translation of −0.30 + 3.44 mag to the y-axis of Figure 5.5, the y-axis
becomes distance modulus (see Figure 5.6). The Cepheid-derived distance modulus
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of 24.57 ± 0.06 mag is superimposed on the heatmap as the solid and dashed lines.
At the radii where the TRGB can be located unambiguously, the TRGB distances are
well-matched with that of the Cepheid distance.
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Figure 5.6: Same as Figure 5.5 but with distance modulus as the y-axis and with the Cepheid
distance and its error overlaid as the black lines.
For each response function with a well-defined peak, the peak is isolated by identi-
fying the magnitude bins on either side of the peak where the value of the response
function first falls to 20% of the peak value. A Gaussian function is then fitted to the
isolated peak to obtain values for the TRGB magnitude. Figure 5.7 shows the response
functions as the solid line, the isolated peaks are blue, and the fitted Gaussians are the
red dashed lines.
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Figure 5.7: Response functions and fitted Gaussians for various annular bins of RGB stars. In each subplot, the solid black line is the response function
with the isolated peak in blue and its fitted Gaussian function as the red dashed lines.
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Distance moduli are obtained from the TRGB magnitudes and plotted against galac-
tocentric radius in Figure 5.8 with errors given as the magnitude bin width of 0.05
mag. A slight trend in distance modulus with galactocentric radius is apparent; the
TRGB distances obtained from RGB stars closer to the galactic centre are larger than
those from the outer regions. However, since the metallicities of RGB stars at ρ < 7.4
kpc are expected to be too high ([Fe/H] > −1 dex), the distances obtained at those
radii are rendered undependable and, given the sizes of the errors, the tentative gra-
dient in distance modulus may be a spurious artefact. By discarding the four inner
distance measurements and taking the mean of the remaining outer distance estimates,
and by considering the uncertainty on the absolute i-band TRGB magnitude, an aver-
age TRGB distance modulus of 24.53±0.11 mag is obtained, consistent with the value
of 24.57± 0.06 mag determined from Cepheids with LMC-like metallicity.
It should be noted, however, that the sample of stars extracted from the CMD in Figure
5.2 for use in identifying the TRGB magnitude most likely comprises RGB stars of a
wide age range and non-RGB stars (e.g. foreground stars). As the calibration of the
absolute I-band TRGB magnitude is typically achieved through measurements of old,
metal-poor RGB stars in globular clusters, the use of the TRGB method with “young”
stellar populations may be susceptible to age effects. Salaris and Girardi (2005) caution
against the use of the TRGB method for galaxies with a complex star formation history,
even if the TRGB is appears well defined. They find that the I-band TRGB magnitude
as determined from intermediate-age RGB stars may be offset from the “true” value
on the order of 0.1 mag. Similar age effects may be present in the Sloan i-band.
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Figure 5.8: TRGB distance against galactocentric radius.
Chapter 6
Conclusions
6.1 Summary
The main results of this thesis are the following:
1. Sloan-band magnitudes for over 1.3 million stars in M33 were measured.
2. Sloan-band Leavitt Laws and PW relations were empirically determined.
3. A Cepheid-based average distance modulus of 24.57 ± 0.06 mag to M33 was
obtained.
4. The effects of metallicity on the Sloan-band Leavitt Laws have been quantified.
In g, r, i bands and Wesenheit indices, a Cepheid of higher metallicity is brighter
than a Cepheid of lower metallicity of the same period. The strength of the
metallicity effect increases with decreasing wavelength. No significant Leavitt
Law slope-metallicity dependence was seen.
5. An independent distance estimate of 24.53 ± 0.11 mag was acquired with the
TRGB method using stars from the outer disk of M33.
Cepheids have played a vital role as accurate distance determinators over the past cen-
tury, enabling the calibration of standard candles suited for cosmologically significant
137
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distance determinations and local measurements of the Hubble constant. It is crucial
that uncertainties in the behaviour of Cepheids be properly understood, particularly
those regarding metallicity. To that end, a large sample of Cepheids in the nearby spi-
ral galaxy M33 were used to investigate the effects of metallicity on the Leavitt Law
in Sloan bands.
PSF photometry of deep Sloan-band stacks of M33 yielded a catalogue of over 1.3
million stars. Through matching with existing Cepheid catalogues and by inspecting
their locations on a colour-magnitude diagram, 1587 of these stars were identified as
fundamental mode Cepheids with acceptable colours. These Cepheids were found
throughout the disk of the galaxy and so sample the galaxy’s gradient in chemical
abundance.
Cepheids with metallicities similar to that of the LMC were identified and were used
to empirically determine the slopes for Sloan-band Leavitt Laws. The slopes of these
Leavitt Laws were found to be very consistent with those derived by Ngeow and Kan-
bur (2007) on a semi-empirical basis. By adopting their semi-empirical slopes and by
comparing the resulting zero-points, a distance modulus to M33 of 24.57 ± 0.06 mag
(equivalent to 820±23 kpc) was obtained. A reddening of E(B−V ) = 0.144±0.020
mag was also determined.
The extensive collection of Cepheids was then binned into a series of galactocentric an-
nuli to sample the range in metallicity that is present in M33. Leavitt Laws were fitted
against each binned sample of Cepheids and variations in slopes and zero-points were
measured. The slopes were found to not change significantly and are consistent with
semi-empirical determination, supporting the idea of a universal slope. A correlation
between metallicity and zero-points was found in all bands: the higher the metallicity
of a sample of Cepheids, the lower the Leavitt Law zero-point will be. In terms of
Cepheid properties, a metal-rich Cepheid is measured to be brighter than a metal-poor
Cepheid of the same pulsation period. Without a metallicity correction, two Cepheids
with differing metallicity — all else being equal (period, distance from an observer,
etc.) — will be of different brightnesses, leading to different distance moduli.
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The strength of the metallicity effect was found to be weakest in the g band and be-
comes stronger at longer wavelengths. The metallicity corrections were determined to
be −0.089 ± 0.107 mag/dex in g, −0.188 ± 0.071 mag/dex in r and −0.250 ± 0.080
mag/dex in i. In all Wesenheit indices, the values cluster around −0.468 mag/dex.
These values are predicated upon the chosen metallicity gradient of M33; in this case,
the gradient derived from beat Cepheids (Beaulieu et al., 2006) was selected.
A subset of stars in the outer region of M33 (ρ > 7.4 kpc) was used to determine
an independent distance estimate via the TRGB method. The TRGB method is con-
ventionally performed with stellar magnitudes in the Cousins I band. However, the
M33 photometry catalogue comprises magnitudes in the Sloan bands, and there exists
no empirical calibration of the TRGB magnitude in those filters. A theoretical i-band
absolute TRGB magnitude was relied upon though it requires a sufficiently low RGB
metallicity to be valid. A TRGB distance estimate of 24.53 ± 0.11 mag was obtained
and is consistent with the Cepheid-based distance.
6.2 M33 metallicity gradient
Various published metallicity gradients for M33 were assessed. Shallow gradients de-
termined from spectroscopy of HII region were found to produce unreasonably large
metallicity corrections while steeper stellar determinations of the gradient yielded ac-
ceptable results. There are large systematic uncertainties inherent to the “strong line
method” that is typically used to obtain metallicities of HII regions, while the uncer-
tainties involved with stellar metallicity determinations tend to be considerably smaller.
These suggest that the use of metallicities obtained from HII regions as a proxy for
Cepheid metallicities is unsuitable.
While the metallicity gradient obtained from beat Cepheids may be the most appropri-
ate gradient to choose from when ascertaining the metallicity effect on Cepheids in this
work, that gradient was derived from a sample of only five beat Cepheids. To identify
those double mode Cepheids, Beaulieu et al. (2006) made use of the survey data from
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Hartman et al. (2006); more specifically, they analysed the light curves of Cepheids
to find those pulsating in both the fundamental and first overtone modes with a period
ratio P1/P0 ≈ 0.7. The original variable star survey provided around 33 measurements
for each star which, while sufficient to classify the variable stars into their respective
families (Cepheids, LPVs, etc.), is insufficient in identifying — with completeness
— all the Cepheids that are pulsating simultaneously in two modes. For comparison,
the extensive OGLE survey of the LMC has catalogued over 2000 Cepheids pulsating
exclusively in the fundamental mode and almost 100 beat Cepheids pulsating in both
the fundamental and first overtone modes (Soszyn´ski et al., 2015). As M33 contains
a similar number of fundamental mode Cepheids as the LMC, one might expect that
the same applies to the number of beat Cepheids. With a comprehensive catalogue of
beat Cepheids in M33 and with well-sampled light curves, an extremely robust stel-
lar metallicity gradient will be obtained. With such a metallicity gradient, the values
obtained for the Cepheid metallicity correction will be improved.
6.3 Outlook
The Sloan filter set was introduced over two decades ago for use with the Sloan Digital
Sky Survey (Fukugita et al., 1996). The Sloan filters have since then been extensively
used in studies into myriad astrophysical phenomena; despite this, Sloan-band photo-
metric studies of Cepheids are few and far between. With the LSST forecasted to begin
high cadence observations of the southern sky with Sloan filters early next decade, a
surge in the availability of Cepheid magnitudes in the those bands is expected. In
both the Magellanic Clouds, there exist thousands of Cepheids, making them excellent
targets for LSST. Photometry of those Cepheids with LSST will provide an indepen-
dent empirical determination of the Sloan-band Leavitt Laws and will supplement the
already comprehensive survey by the OGLE team.
There are 77 dwarf or spiral galaxies out to a distance of ∼ 10 Mpc in the southern
sky that are conducive to Cepheid studies with LSST (Hoffmann and Macri, 2015).
The majority of those galaxies have had distances determined with the tip of the red
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giant branch method; only a dozen or so, however, have Cepheid-based distances mea-
surements. With such a bounty of untapped Cepheids in a multitude of environments,
many long-standing idiosyncrasies of Cepheids will soon be understood to a better de-
gree, further solidifying their use as test beds for stellar models and their reliability as
tracers of many astrophysical characteristics.
Appendix A
CFHT calibration solutions
Table A.1: Calibration solutions for the CFHT chips.
Filter Z c d e RMS
Chip 0
g’ −30.193 −0.173 +4.372× 10−5 +1.175× 10−5 0.038
r’ −29.897 −0.008 −3.660× 10−5 +0.410× 10−5 0.013
i’ −30.098 −0.062 +0.270× 10−5 +0.530× 10−5 0.021
Chip 1
g’ −30.092 −0.167 −1.962× 10−5 +1.723× 10−5 0.029
r’ −30.111 −0.013 −1.240× 10−5 +1.430× 10−5 0.022
i’ −30.583 −0.062 −1.830× 10−5 +3.820× 10−5 0.022
Chip 2
g’ −29.674 −0.175 +4.835× 10−5 −2.755× 10−5 0.046
r’ −30.456 −0.015 +0.930× 10−5 +2.900× 10−5 0.026
i’ −30.717 −0.080 −0.820× 10−5 +4.380× 10−5 0.011
Chip 3
g’ −27.965 −0.137 −9.068× 10−5 −7.569× 10−5 0.053
r’ −28.482 −0.005 −27.340× 10−5 +3.360× 10−5 0.048
i’ −30.791 −0.092 +1.950× 10−5 +3.840× 10−5 0.029
Chip 4
g’ −30.120 −0.159 +1.250× 10−5 +0.205× 10−5 0.026
r’ −29.669 −0.023 −1.440× 10−5 −0.550× 10−5 0.020
i’ −30.106 −0.070 −0.180× 10−5 +0.730× 10−5 0.022
142
143
Filter Z c d e RMS
Chip 5
g’ −29.605 −0.128 −2.718× 10−5 −0.162× 10−5 0.021
r’ −29.989 −0.017 −1.630× 10−5 +1.430× 10−5 0.018
i’ −30.119 −0.074 −1.170× 10−5 +1.400× 10−5 0.028
Chip 6
g’ −30.576 −0.216 +2.818× 10−5 +1.564× 10−5 0.039
r’ −31.137 −0.026 +3.150× 10−5 +4.310× 10−5 0.027
i’ −31.328 −0.096 +4.460× 10−5 +4.100× 10−5 0.031
Chip 7
g’ −23.855 −0.136 −25.598× 10−5 −12.051× 10−5 0.041
r’ −27.159 0.029 −20.690× 10−5 +2.550× 10−5 0.020
i’ −35.213 −0.034 +23.330× 10−5 +8.770× 10−5 0.049
Chip 9
g’ −29.564 −0.214 −2.395× 10−5 −0.750× 10−5 0.010
r’ −29.805 −0.007 −1.770× 10−5 −0.690× 10−5 0.027
i’ −30.046 −0.028 −5.090× 10−5 +4.180× 10−5 0.049
Chip 10
g’ −29.426 −0.154 −14.625× 10−5 +1.244× 10−5 0.041
r’ −29.441 −0.027 −4.050× 10−5 −2.660× 10−5 0.045
i’ −29.658 −0.071 −4.370× 10−5 −1.470× 10−5 0.026
Chip 11
g’ −29.869 −0.173 −2.173× 10−5 +0.496× 10−5 0.019
r’ −29.945 −0.033 +1.240× 10−5 −0.160× 10−5 0.029
i’ −29.852 −0.077 −0.770× 10−5 −0.790× 10−5 0.026
Chip 12
g’ −29.990 −0.167 +1.940× 10−5 −1.082× 10−5 0.029
r’ −29.877 −0.058 +0.240× 10−5 −0.390× 10−5 0.028
i’ −30.246 −0.081 +2.200× 10−5 +0.280× 10−5 0.035
Chip 13
g’ −29.792 −0.182 −0.904× 10−5 −0.486× 10−5 0.030
r’ −29.654 −0.022 −2.730× 10−5 +0.350× 10−5 0.043
i’ −29.945 −0.072 −1.700× 10−5 +1.210× 10−5 0.037
Chip 14
g’ −29.378 −0.154 −0.910× 10−5 −3.260× 10−5 0.032
r’ −29.219 −0.029 −2.810× 10−5 −2.190× 10−5 0.026
i’ −29.123 −0.088 −3.450× 10−5 −2.830× 10−5 0.023
Chip 15
g’ −30.567 −0.155 +3.859× 10−5 +0.348× 10−5 0.025
r’ −30.010 −0.015 +1.360× 10−5 −0.820× 10−5 0.020
i’ −30.060 −0.067 +1.900× 10−5 −1.640× 10−5 0.024
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Chip 16
g’ −30.733 −0.179 +2.684× 10−5 +2.698× 10−5 0.048
r’ −30.362 0.000 +1.720× 10−5 +1.180× 10−5 0.003
i’ −30.019 −0.048 −0.770× 10−5 +0.970× 10−5 0.030
Chip 17
g’ −30.506 −0.182 −0.033× 10−5 +4.884× 10−5 0.046
r’ −29.877 −0.019 −1.050× 10−5 +1.170× 10−5 0.013
i’ −30.526 −0.085 +1.700× 10−5 +1.760× 10−5 0.017
Chip 18
g’ −29.570 −0.211 −1.305× 10−5 −2.268× 10−5 0.032
r’ −29.794 −0.007 −4.480× 10−5 −0.850× 10−5 0.023
i’ −29.611 −0.028 −8.740× 10−5 +0.100× 10−5 0.028
Chip 19
g’ −29.488 −0.204 −6.806× 10−5 −1.434× 10−5 0.026
r’ −30.040 −0.012 −0.230× 10−5 +1.030× 10−5 0.032
i’ −29.163 −0.045 −14.400× 10−5 −3.030× 10−5 0.049
Chip 20
g’ −29.689 −0.288 −2.387× 10−5 +1.165× 10−5 0.025
r’ −29.950 −0.020 +0.040× 10−5 +0.210× 10−5 0.028
i’ −29.660 −0.080 −3.970× 10−5 −1.480× 10−5 0.028
Chip 21
g’ −29.263 −0.158 −0.810× 10−5 −7.215× 10−5 0.034
r’ −30.610 0.003 +7.960× 10−5 +0.440× 10−5 0.045
i’ −30.214 −0.073 +7.240× 10−5 −4.090× 10−5 0.039
Chip 22
g’ −29.669 −0.197 −1.115× 10−5 −2.272× 10−5 0.038
r’ −29.923 −0.041 −1.750× 10−5 +2.810× 10−5 0.029
i’ −29.731 −0.100 −2.790× 10−5 +0.570× 10−5 0.030
Chip 23
g’ −30.040 −0.159 +0.149× 10−5 +0.474× 10−5 0.017
r’ −29.902 −0.034 −1.700× 10−5 +2.610× 10−5 0.030
i’ −29.933 −0.086 −1.060× 10−5 +0.730× 10−5 0.020
Chip 24
g’ −30.573 −0.171 +5.133× 10−5 −1.601× 10−5 0.022
r’ −30.146 −0.022 +1.780× 10−5 −0.420× 10−5 0.017
i’ −29.922 −0.067 −0.120× 10−5 −1.230× 10−5 0.023
Chip 25
g’ −30.572 −0.149 +3.880× 10−5 +1.209× 10−5 0.027
r’ −29.080 −0.011 −5.020× 10−5 +0.370× 10−5 0.044
i’ −30.015 −0.073 +2.090× 10−5 −3.400× 10−5 0.036
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Chip 26
g’ −29.181 −0.175 −2.174× 10−5 −4.541× 10−5 0.046
r’ −29.125 −0.083 −2.080× 10−5 −4.770× 10−5 0.016
i’ −33.833 −0.108 +23.100× 10−5 −3.860× 10−5 0.014
Chip 27
g’ −29.796 −0.216 −0.695× 10−5 +2.493× 10−5 0.041
r’ −29.630 −0.010 −6.140× 10−5 +1.540× 10−5 0.045
i’ −29.684 −0.020 −7.320× 10−5 −0.280× 10−5 0.045
Chip 28
g’ −29.655 −0.196 −5.228× 10−5 +0.323× 10−5 0.046
r’ −29.488 −0.019 −7.700× 10−5 −4.150× 10−5 0.031
i’ −29.704 −0.060 −7.260× 10−5 +0.580× 10−5 0.021
Chip 29
g’ −30.046 −0.220 +4.277× 10−5 −0.115× 10−5 0.048
r’ −29.878 −0.039 +2.230× 10−5 −4.700× 10−5 0.049
i’ −30.145 −0.107 +4.390× 10−5 −1.360× 10−5 0.029
Chip 30
g’ −29.615 −0.183 −2.807× 10−5 −1.016× 10−5 0.030
r’ −29.969 −0.025 +1.250× 10−5 −1.240× 10−5 0.041
i’ −29.997 −0.085 +1.020× 10−5 −1.890× 10−5 0.030
Chip 31
g’ −29.744 −0.158 −2.127× 10−5 +1.256× 10−5 0.031
r’ −29.472 −0.014 −4.360× 10−5 +1.620× 10−5 0.041
i’ −29.750 −0.073 −2.470× 10−5 +1.250× 10−5 0.031
Chip 32
g’ −29.741 −0.169 −1.648× 10−5 +1.665× 10−5 0.017
r’ −29.837 −0.028 −0.990× 10−5 +4.170× 10−5 0.014
i’ −29.830 −0.062 −1.760× 10−5 +1.560× 10−5 0.015
Chip 33
g’ −30.060 −0.166 +0.592× 10−5 +1.755× 10−5 0.018
r’ −29.913 −0.017 −0.240× 10−5 +3.890× 10−5 0.026
i’ −30.174 −0.067 +1.010× 10−5 +2.000× 10−5 0.020
Chip 34
g’ −29.127 −0.161 −5.716× 10−5 +3.171× 10−5 0.019
r’ −29.328 0.006 −3.790× 10−5 +1.710× 10−5 0.016
i’ −29.281 −0.045 −1.860× 10−5 −10.300× 10−5 0.031
Chip 35
g’ −30.238 −0.171 +1.222× 10−5 +1.700× 10−5 0.019
r’ −29.582 −0.028 +0.330× 10−5 −1.430× 10−5 0.034
i’ −29.065 −0.069 −3.250× 10−5 +2.080× 10−5 0.033
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